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a b s t r a c t 

A model for the mechanics of a soft hyperelastic material reinforced with long fibers is presented in finite 

plane elastostatics. The strain energy potential of the composite is refined by the Mooney Rivlin model 

to accommodate the hyperelastic behaviors of the matrix material. Within the framework of the strain 

gradient theory, the kinematics of the fibers is formulated and subsequently integrated into the model 

of continuum deformation. A rigorous derivation of the Euler equation and the associated boundary con- 

ditions are presented by virtue of variational principles and a virtual work statement. In particular, the 

obtained model successfully predicts the ‘J-shaped’ stress-strain responses, deformation profiles and shear 

strain angles of the elastomer - polyester fiber composites subjected to uniaxial extension. The proposed 

model may also serve as an alternative of the Holzapfel model in the design and analysis of biomimetic 

composites with rapid strain-stiffening behaviors by providing direct estimations of the stress-strain re- 

sponses of intended composites. 

© 2020 Elsevier Ltd. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b  

V  

b  

a  

c  

i  

t  

a  

2  

a  

w  

a  

c  

1  

b  

u  

r

 

r  

f  

i  

1  
1. Introduction 

Elastomeric materials reinforced with fibers (elastomeric com-

posites) have consistently been the subject of intense study ( Shao

et al., 2018; Bouillaguet et al., 2006; Bailly et al., 2014; Leong et al.,

20 0 0; Maurer et al., 2015 ) for their practical importance in bioma-

terial science and engineering. Contemporary applications of elas-

tomeric composites include the areas of tissue engineering, mi-

crofluidics and biomechanics ( Wang et al., 2018; Cheng et al., 2010;

Pritts and Rahn, 2004 ). For example, in soft robotics, progress is

being made to replace conventional materials (e.g. rigid polymer,

ceramics, metals etc...) with the elastomeric composites in order

to achieve more sophisticated functionalities such as manipula-

tion of delicate objects, conformation to surroundings, and adop-

tive movement in various environments ( Martinez et al., 2013 ).

When the elastomeric matrix materials are used in conjunction

with systematically arranged fiber families they form highly elastic

materials that display direction-dependent properties (orthotropic

properties) and sustain rapid strain stiffening response at low

strain level (20%–50%), known as ‘ J-shaped’ stress-strain behavior

( Shadwick, 1999 ). In fact, J-shaped and orthotropic stress-strain be-

haviors are the characteristics of the biological materials such as
∗ Corresponding author. 
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lood vessels, tendons, muscles, skin and ligaments ( Fung, 1984;

atankhah-Varnosfaderani et al., 2017 ). This, in turn, suggests that

iological tissues may be mimicked via the systematic adjustment

nd/or optimization of the mechanical responses of elastomeric

omposites. Such practices include the predictions and character-

zations of the resultant responses of elastomeric composites from

he individual properties of elastomeric matrixes and fibers, which

re also in a period of active study ( Yan et al., 2017; Myung et al.,

007; Ma et al., 2017 ). Authors in Holzapfel et al. (20 0 0) proposed

 model to describe the fabric-reinforced behavior of a multi-

alled structure of elastic artery. Gent’s and Mooney Rivlin model

re also widely adopted to directly fit the J-shaped stress-strain

urves measured from the resulting elastomeric composites ( Gent,

996; Lu et al., 2012; Zhao and Wang, 2014 ). These models may

e employed in the combined sense (e.g. Gent’s constitutive model

sed in conjunction with Holzapfel model) to achieve more accu-

ate predictions and/or fittings Zhalmuratova et al. . 

On the other hand, a continuum-based model which incorpo-

ates the responses of fibers into the model of the continuum de-

ormation may be sought as a promising alternative. This is framed

n the setting of the nonlinear strain gradient theory ( Toupin,

964; Koiter, 1964; Truesdell and Noll, 1965 ) of anisotropic elas-

icity in which the fibers’ bending resistance is assigned to the

hanges in curvature (flexure) of fibers explicitly ( Spencer and

oldatos, 2007 ). The latter is obtained via the computation of

he second gradient of deformations prescribed on the convected

https://doi.org/10.1016/j.ijsolstr.2020.02.036
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijsolstr
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2020.02.036&domain=pdf
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urves of continuously distributed fibers. The concept is further

efined to accommodate fibers resistant to flexure, extension and

wist within the context of the Cosserat theory of non-linear elas-

icity ( Steigmann, 2012 ). The second gradient-based continuum

odels have been successfully adopted in a wide range of en-

ineering problems such as the mechanics of meshed structures

 Dell’Isola et al., 2016b; 2017; 2016a ), bending of unidirectional and

idirectional fiber composites ( Zeidi and Kim, 2017a; 2018; Kim,

019 ) and composites reinforced with extensible fibers ( Zeidi and

im, 2017b ). To this end, authors in Kim and Zeidi (2018) pre-

ented the continuum formulation for the description of the bidi-

ectional fiber-reinforced composites, which results in the smooth

ransitions of shear strain distributions. However, the models de-

eloped in Zeidi and Kim (2017a, 2018) ; Kim (2019) ; Zeidi and

im (2017b) ; Kim and Zeidi (2018) may not be ideal for the

nalysis of highly strained fiber-elastomer composites, since the

nalyses in Zeidi and Kim (2017a, 2018) ; Kim (2019) ; Zeidi and

im (2017b) ; Kim and Zeidi (2018) are intrinsically limited to rel-

tively ‘ small ’ deformation regime where linear stress-strain re-

ponses are dominant. 

In the present study, we develop a continuum-based model

hich describes hyperelastic responses of elastomeric matrix ma-

erials reinforced with polyester fibers and subjected to finite plane

eformations. Thus, it is assumed that the fiber’s directors remain

n a plane, with no out-of-plane components and that the corre-

ponding deformations and material parameters are independent

f the out-of-plane coordinate. Emphasis is placed on the assimi-

ation of rapid strain-stiffening responses of the elastomeric com-

osites at the lower strain levels while maintaining the rigor and

enerality in the derivation of the associated constitutive formula-

ion. The strain energy potential of the composite is refined by the

ooney Rivlin strain energy function, which is one of the widely

dopted strain energy model for the descriptions of materials sus-

aining large deformations analyses (see, for example, Ogden, 1984;

teigmann, 2017 ). Within the framework of the second gradient

heory, the kinematics of fibers are determined by their position

nd direction fields and incorporated into the model of continuum

eformation while considering fibers as continuously distributed

patial rods of Kirchhoff type ( Landau and Lifshitz, 1986; Dill, 1992;

ntman, 2005 ). The Euler equilibrium equations and the associ-

ted boundary conditions are also derived by means of a virtual

ork statement and variational principles of the second gradient

f deformations. The solutions of the resulting Partial Differen-

ial Equations (PDEs) are obtained via the custom-built numerical

rocedures, which demonstrate close correspondence with the re-

ults in literature Zhalmuratova et al. , ( Dell’Isola et al., 2017 ) and

 Dell’Isola et al., 2016a ). 

More importantly, the obtained model assimilates the responses

f the Ecoflex 0 050 0 elastomer – fiber composite subjected to uni-

xial tension and successfully predicts the J-shaped stress-strain

ehavior. To further examine the performance of the obtained

odel, we also compare it to the Neo Hookean – Holzapfel model

 Holzapfel et al., 20 0 0 ), Zhalmuratova et al. and ( Holzapfel, 2008 ).

t turns out that both the proposed model and Holzapfel model

erform well in the estimations of J-shaped stress-strain responses

f the samples in which the strain-stiffening phenomena is less

ignificant. For the composites with rapid strain-stiffening re-

ponses, the proposed model produces more accurate prediction

esults than the Holzapfel model at low strain levels. In particular,

he proposed model directly predicts the resultant stress-strain re-

ponses of the composite by integrating the predetermined modu-

us of matrix materials and fibers into the model of continuum de-

ormation. This may facilitate the design and analysis of a particu-

ar composite by providing the instant estimations of the mechan-

cal responses of intended composites. In addition to the stress-

train responses of the composites, the obtained model provides
he estimations of other important design considerations such as

eformation profiles and contours, and the smooth transitions in

he shear strain fields. Potential applications may also include fail-

re analysis of highly strained fiber-elastomer composites, since

he model estimates the shear strain fields of the desired compos-

tes from which the corresponding shear energy distributions can

e obtained. 

Throughout the manuscript, we use standard notation such as

 

T , A 

−1 , A 

∗ and tr ( A ). These are the transpose, the inverse, the co-

actor and the trace of a tensor A , respectively. The tensor product

f vectors is indicated by interposing the symbol �, and the Euclid-

an inner product of tensors A, B is defined by A · B = tr( AB 

T ) ; the

ssociated norm is | A | = 

√ 

A · A . The symbol | ·| is also used to de-

ote the usual Euclidian norm of vectors. Latin and Greek indices

ake values in {1, 2} and, when repeated, are summed over their

anges. Lastly, the notation F A stands for the tensor-valued deriva-

ives of a scalar-valued function F ( A ). 

. Kinematics 

Our intention throughout this section is to establish the kine-

atic framework that will be used in the constitutive formulations

f hyperelastic matrix-fiber composites. We note that, in the for-

oing development, unidirectional fiber-reinforced composites are 

onsidered for the sake of simplicity. The cases of bidirectional

bers can be readily accommodated via similar approaches, as

one in Kim and Zeidi (2018) and Steigmann and dell’Isola (2015) . 

Let r( s ) be the parametric curve which represents the fibers’

rajectory on the deformed configuration and τ be the unit tan-

ent in the direction of increasing s . We also assign X( S ) and S as

heir counter parts in the reference configuration. The orientation

f a particular fiber is then defined by 

= | d | and �τ = d ; � ≡ ds 

dS 
and τ ≡ d r ( s ) 

ds 
, (1) 

here 

 = FD , F = �τ � D , (2) 

nd F is the gradient of the deformation function ( χ( X )). Eq. (2) is

btained by taking the derivative of r (s (S)) = χ(X (S)) with respect

o arc length parameters S and s , upon making the identifications

 = d X /d S. Here, d ( ∗)/ dS and d ( ∗)/ ds refer to the arc length deriva-

ives of ( ∗) along the fibers’ directions in the reference and de-

ormed configurations, respectively. Eq. (2) can be projected using

he orthonormal bases of { E A : reference } and { e i : current } to yield 

τi = d i = F iA D A for D = D A E A and d = de i , (3)

hich may also be used in the later sections. 

Thus, from Eqs. (1) –(2) , the expression for geodesic curvature of

 parametric curve ( r ( s )) is obtained by 

 ≡ r 
′′ = 

d( dr (S) 
dS 

) 

dS 
= 

∂( FD ) 

∂X 

∂X 

∂S 
= ∇ [ FD ] D . (4) 

n a typical environment, most of the fibers are straight prior

o deformations. Even slightly curved fibers can be idealized as

fairly straight’ fibers, considering their length scales with respect

o those of the matrix materials. This indicates that the gradients

f unit tangents in the reference configuration identically vanish

i.e. ∇D = 0 ). Accordingly, Eqs. (4) reduces to 

 = ∇ F (D � D ) = G (D � D ) , (5) 

here we adopt the convention of the second gradient of defor-

ations as 

 F ≡ G , (6) 

nd the compatibility condition of G is given by 

 iAB = F iA,B = F iB,A = G iBA . (7)
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The forgoing developments imply that the response of fiber-

reinforced materials are governed by both the first and second gra-

dient of deformations such that 

 (F , G ) = 

̂ W (F ) + W (G ) , W (G ) ≡ 1 

2 

C ( F ) | g | 2 , (8)

where C ( F ) refers to the material property associated with the

bending motions of fibers, which are generally independent of the

deformation gradient (i.e. C ( F ) = C). Further, g is the geodesic cur-

vature of fibers which is computed via the second gradient of con-

tinuum deformation (G). Eq. (8 ) is consistent with the model pro-

posed by Spencer and Soldatos (2007) that, in the case of a single

family of fibers, the dependence of the strain energy on G occurs

through g ; i.e., 

 (G ) = W ( g ( G ) ) . (9)

The invariance requirements arising in the second gradient

continuum deformation remain valid for cases of finite elastic

deformations of continuum bodies ( Spencer, 1972; 1984; Rivlin,

1995 ) and biological membranes subjected to large deformations

( Holzapfel and Ogden, 2006 ), and therefore, have been adopted

in the present study without further proof. For the desired appli-

cations, we now introduce the strain energy potential, which ad-

dresses the fiber’s resistance to extension as 

 (ε ) = 

1 

2 

Eε 2 , (10)

where the expression of ε is given by 

ε = 

1 

2 

(�2 − 1) , (11)

and E is a modulus pertaining to the fiber’s extension. Further, in

view of Eq. ( (3) , �2 can be expressed in terms of the deformation

gradient tensor F and the director field of fibers D as 

�2 = FD · FD = F T FD · D = (F T F ) · D � D . (12)

It is clear from Eqs. (11) and (12) that the fiber’s extension is F -

dependent via ε (i.e. ε = ε(F ) ) and thus the strain energy function

( Eq. (8) ) can be augmented by Eq. (10) to yield 

 (F , ε(F ) , g (G ) ) = 

̂ W (F ) + 

1 

2 

Eε 2 + 

1 

2 

C | g (G ) | 2 . (13)

We also note that the torsional energy of the fibers is excluded

in the present study, since the in-plane deformation (plane strain)

of the fiber composites is considered. Further, it is discussed in

Spencer and Soldatos (2007) that the indeterminacy arising in the

plane strain formulations of the second gradient of deformations

results no effects on the associated energy balance equation and is

not case specific to fiber-reinforced materials. The related deriva-

tions and discussions can be found in Toupin (1962) ; Mindlin and

Tiersten (1962a) . In the present study, we simply adopt the re-

sults for the sake of conciseness. For uses in the derivation of Euler

equations and the associated boundary conditions, we continue by

evaluating the induced energy variation of the response function

( Eq. (13) ) with respect to F , ε, and g as 

˙ 
 (F , ε, g ) = W F · ˙ F + W ε ˙ ε + W g · ˙ g . (14)

In the above, the superposed dot refers to derivatives with respect

to a parameter ε at the particular configuration of the composite

(i.e. ε = 0 ) that labels a one-parameter family of deformations. 

The desired expressions for the energy variation can be ob-

tained from Eqs. (10 )–(13) that 

˙ ε = 

1 

2 

(�2 − 1 ̇

 ) = 

1 

2 

( FD · FD − 1 ̇

 ) = FD · ˙ F D = FD � D · ˙ F , (15)

 ε = Eε, and W g = C g . (16)
he above further leads to 

 ε ˙ ε = Eε ˙ ε = E[ 
1 

2 

{ (F T F ) · D � D −1 } ][ FD � D ] · ˙ F (17)

 g ̇ g = C g · ˙ g = G (D � D ) · ˙ G (D � D ) = ( Cg � D � D ) · ˙ G , (18)

here g = G (D � D ) ( see, Eq. (5) ). 

Finally, combining Eqs. (14) –(18) , we find 

˙ 
 (F , ε, g ) = W F · ˙ F + E[ 

1 

2 

{ (F T F ) · D � D −1 } ][ FD � D ] 

· ˙ F + ( Cg � D � D ) · ˙ G . (19)

r equivalently 

˙ 
 (F , ε, g ) = W F iA 

˙ F iA + 

E 

2 

(F jC F jD D C D D − 1)(F iB D B D A ) ̇ F iA 

+ Cg i D A D B 
˙ G iAB. (20)

. Equilibrium 

The derivation of the Euler equation and boundary conditions

rising in second-gradient elasticity is well studied ( Toupin, 1964 ),

 Koiter, 1964 ), ( Mindlin and Tiersten, 1962b ) and ( Germain, 2015 ).

e reformulate the results in the present context for the sake of

ompleteness and, in particular, for the purpose of establishing the

onnections between the applied loads and the deformations. The

eak form of the equilibrium equations is given by the virtual-

ork statement 
·
 = P, (21a)

here P is the virtual power of the applied loads, the superposed

ot refers to the variational and/or Gateâux derivative and 

 = 

∫ 
�

W ( F , ε, g ) dA (22a)

is the strain energy. 

In general, volumetric changes in materials’ deformations are

nergetically expensive processes and thus are typically con-

trained in the constitutive modeling of engineering materials (see,

gden, 1984; Steigmann, 2017 ). To accommodate the condition

f the bulk incompressibility, the strain energy potential is aug-

ented by the weak form, p(J − 1) as 

 = W − p(J − 1) and E = 

∫ 
�

U ( F , ε, g ) dA, (23)

where J is determinant of F and p is a constitutively indetermi-

ate scalar field. The associated variation is then obtained by 

˙ 
 = 

˙ W − p ̇ J , and 

˙ J = J F F · ˙ F = F 
∗· ˙ F . (24)

ince the conservative loads are characterized by the existence of

 potential L such that P = 

˙ L , the problem of determining equilib-

ium deformations is reduced to the problem of minimizing the

otential energy, E − L . In the present case, this means 

˙ 
 = 

∫ 
�

˙ U ( F , ε, g , p ) d A . (25)

ow, we substitute Eqs. (21a) and (24) into Eq. (25) and thereby

btain 

˙ 
 = 

∫ 
�

[ W F iA u i,A + 

E 

2 

(F jC F jD D C D D − 1)(F iB D B D A ) u i,A 

+ C(g i D A D B ) u i,AB − pF ∗iA u iA ] dA, (26)

here u i = ˙ χi is the variation of the position field. Further, apply-

ng integration by part on C ( g i D A D B G ) u i,AB yields 

 (g i D A D B ) u i,AB = C (g i D A D B u i,A ) ,B − C (g i D A D B ) ,B u i,A . (27)
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hus Eqs. (26) and (27) furnish 

˙ 
 = 

∫ 
�

[ { W F iA + 

E 

2 

(F jC F jD D C D D − 1)(F iB D B D A ) − pF ∗iA 

−C (g i D A D B ) ,B } u i,A + C (g i D A D B u i,A ) ,B ] d A . (28) 

he above may be further reduced to 

˙ 
 = 

∫ 
�

[ W F iA + 

E 

2 

(F jC F jD D C D D − 1)(F iB D B D A ) 

− pF ∗iA − C(g i D A D B ) ,B ] u i,A dA + 

∫ 
∂�

C(g i D A D B u i,A ) N B dS, (29) 

here N A is the rightward unit normal to ∂� in the sense of

reen–Stokes theorem. 

Consequently, we find 

˙ 
 = 

∫ 
�

P iA u i,A dA + 

∫ 
∂�

C(g i D A D B u i,A ) N B dS, (30)

here 

 iA = W F iA + 

E 

2 

(F jC F jD D C D D − 1)(F iB D B D A ) − pF ∗iA − C(g i D A D B ) ,B 

(31) 

s the expression of the Piola type stress. Also, for initially straight

bers (see, Eqs. (4) and (5) ), the above further reduces to 

 iA = W F iA + 

E 

2 

(F jC F jD D C D D − 1)(F iB D B D A ) − pF ∗iA − Cg i,B D A D B . (32)

Thus the Euler equation is obtained by 

 iA,A = 0 or Di v (P ) = 0 , (33)

hich holds in �. 

. Boundary conditions 

Applying integration by part on Eq. (30) (i.e. P iA u i,A = (P iA u i ) ,A −
(P iA ) ,A u i ) furnishes 

·
 = 

∫ 
�

[(P iA u i ) ,A − P iA,A u i ] dA 

∫ 
∂�

C(g i D A D B u i,A ) N B dS. (34)

e then recast Eq. (34) by using Green-Stokes theorem as 

·
 = 

∫ 
∂�

[ P iA u i N A + C(g i D A D B u i,A ) N B ] d S −
∫ 
�

P iA,A u i d A . (35)

ince the Euler equation (P iA,A = 0) satisfied on �, the above re-

uces to 
·
 = 

∫ 
∂�

P iA u i N A dS + 

∫ 
∂�

C(g i D A D B u i,A ) N B dS. (36)

ow, we project ∇u onto the normal and tangent directions and

btain 

 u = ∇ u (T � T )+ ∇ u (N � N ) = u 

′ 
�T + u , N �N , (37) 

here T = X 

′ 
( s ) = k × N is the unit tangent to the boundary ∂�,

nd u 

′ 
and u , N are the tangential and normal derivatives of u on

� (i.e. u 
′ 
i 
= u i,A T A , u i,N = u i,A N A ). Thus, Eq. (36) can be decom-

osed into 

·
 = 

∫ 
∂�

P iA u i N A dS + 

∫ 
∂�

Cg i D A D B 

(
u 

′ 
i T A N B + u i,N N A N B 

)
dS. (38)

lso, using the following identity 

g i D A D B T A N B u 

′ 
i = ( Cg i D A D B T A N B u i ) 

′ − ( Cg i D A D B T A N B ) 
′ 
u i , (39)

q. (38) becomes 

·
 = 

∫ 
[ P iA N A − ( Cg i D A D B T A N B ) 

′ 
] u i dS 
∂�
+ 

∫ 
∂�

Cg i D A D B u i,N N A N B dS + 

∫ 
∂�

( Cg i D A D B T A N B u i ) 
′ 
dS. (40) 

e then rewrite the above into the standard form: 

·
 = 

∫ 
∂�

[ P iA N A − ( Cg i D A T A D B N B ) 
′ 
] u i dS + 

∫ 
∂�

Cg i D A N A D B N B u i,N dS 

−
∑ ‖ 

Cg i D A T A D B N B u i ‖ 

, (41) 

here the double bar symbol refers to the jump across the discon-

inuities on the boundary ∂� (i.e. ‖ ∗‖ = ( ∗) + − ( ∗) −) and the sum

efers to the collection of all discontinuities. 

It follows from (21a) that admissible powers are of the form 

 = 

∫ 
∂w t 

t i u i dS + 

∫ 
∂w 

m i u i,N dS + 

∑ 

f i u i . (42)

ence, by comparing (41) and (42) , we obtain 

t i = P iA N A −
d 

dS 
[ Cg i D A T A D B N B ] , 

 i = Cg i D A N A D B N B , 

f i = Cg i D A T A D B N B u i , (43) 

hich are the expressions of edge tractions, edge moments and the

orner forces, respectively. 

For example, if the fiber’s directions are either normal or tan-

ential to the boundary (i.e. ( D · T )( D · N ) = 0 ), (43) furnishes 

t i = P iA N A , 

 i = Cg i D A N A D B N B , 

f i = 0 , (44) 

here 

P iA = W F iA + 

E 

2 

(F jC F jD D C D D − 1)(F iB D B D A ) − pF ∗iA − Cg i,B D A D B , 

 i,B = F iC,BD D C D D (see, Eq. (5)). (45) 

hus, the solution of Eq. (33) can be uniquely determined by im-

osing the admissible set of boundary conditions in Eq. (43) . 

. Hyperelastic matrix material – fiber composites 

Based on the constitutive framework addressed in the pre-

ious sections, we develop a continuum-based prediction model

hich describes the responses of hyperelastic matrix material

 fiber composites such as carbon-fiber-reinforced polymers and

lastomeric composites. For this purpose, we employ the Mooney

ivlin strain energy potential, which is widely adopted in large de-

ormation analyses (see, also, Ogden, 1984; Steigmann, 2017 ): 

̂ 

 (F ) = 

μ

2 

(I 1 − 3) + 

λ

2 

(I 2 − 3) , (46)

here I 1 and I 2 are the principal invariants of the deformation gra-

ient tensor which are given, respectively, by 

 1 = tr(F T F ) and I 2 = 

1 

2 

[(t r(F T F )) 2 − t r((F T F ) 
2 
)] . (47)

ince (I 1 ) F = 2 F and (I 2 ) F = 2 F ( I 1 I − F T F ) (see, Steigmann, 2002 ),

he variational derivative of Eq. (46) can be evaluated as 

 F · ˙ F = [ 
μ

2 

(I 1 ) F + 

λ

2 

(I 2 ) F ] · ˙ F = [ μF + λF { ( F · F ) I − F 
T 

F } ] · ˙ F . (48)

herefore, substituting Eq. (48) into Eq. (32) , we obtain 

 = P iA (e i �E A ) 

= [ μF iA + λF iB (F jC F jC δAB −F jA F jB ) + 

1 

2 

E(F iB F jC F jC ) D A D B D D D D 

−1 

EF iB D A D B −Cg i,B D A D B − pF ∗iA ] (e i �E A ) , (49) 

2 
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which may serve as the expression of the Piola stress for hypere-

lastic composite materials. Further, the corresponding Euler equi-

librium equation can be derived as 

0 = Di v (P ) = P iA,A e i = [ μF iA,A + λ{ F iB (F jC F jC δAB −F jA F jB ) } ,A 
−Cg i,AB D A D B − p ,A F 

∗
iA + 

1 

2 

E(F iB F jC F jC ) ,A D A D B D D D D 

−1 

2 

EF iB,A D A D B ] e i , (50)

which hold on �. 

In the above, μ and λ are the material constants of a hyperelas-

tic matrix material of Mooney Rivlin type, and E and C are, respec-

tively, the extension and bending modulus of fibers. For example, if

the hyperelastic matrix material is reinforced with a single family

of fibers (i.e. D = E 1 , D 1 = 1 , D 2 = 0) with the modulus of E and

C , Eq. (50) furnishes 

0 = 

[
μχi,AA − p ,A ε i j ε AB χ j,B + λ(χi,AA χ j,C χ j,C + χi,A χ j,CA χ j,C 

+ χi,A χ j,C χ j,CA −χi,BA χ j,A χ j,B − χi,B χ j,AA χ j,B − χi,B χ j,A χ j,BA ) 

+ 

1 

2 

E(χi, 11 χ j, 1 χ j, 1 + χi, 1 χ j, 11 χ j, 1 + χi, 1 χ j, 1 χ j, 11 ) 

− 1 

2 

EF i 1 , 1 − Cχi, 1111 

] 
e i , (51)

where F iA = χi,A = 

∂χi 
∂X A 

, F ∗
iA 

= ε i j ε AB F jB , and εij is the 2-D permuta-

tion; ε 12 = −ε 21 = 1 , ε 11 = −ε 22 = 0 . Performing Einstein summa-

tion and with some effort, we arrive at 

0 = μ(χ1 , 11 + χ1 , 22 ) − p , 1 χ2 , 2 + p , 2 χ2 , 1 + λ(χ1 , 11 χ2 , 2 χ2 , 2 

+ χ1 , 22 χ2 , 1 χ2 , 1 + 2 χ1 , 1 χ2 , 21 χ2 , 2 + 2 χ1 , 2 χ2 , 12 χ2 , 1 

−χ1 , 21 χ2 , 1 χ2 , 2 − χ1 , 12 χ2 , 2 χ2 , 1 − χ1 , 2 χ2 , 11 χ2 , 2 

−χ1 , 1 χ2 , 22 χ2 , 1 − χ1 , 2 χ2 , 1 χ2 , 21 − χ1 , 1 χ2 , 2 χ2 , 12 ) 

+ 

1 

2 

E(3 χ1 , 11 χ1 , 1 χ1 , 1 + χ1 , 11 χ2 , 1 χ2 , 1 

+ 2 χ2 , 11 χ1 , 1 χ2 , 1 ) − Cχ1 , 1111 , (52)

0 = μ(χ2 , 11 + χ2 , 22 ) − p , 2 χ1 , 1 + p , 1 χ1 , 2 + λ(χ2 , 11 χ1 , 2 χ1 , 2 

+ χ2 , 22 χ1 , 1 χ1 , 1 + 2 χ2 , 1 χ1 , 21 χ1 , 2 + 2 χ2 , 2 χ1 , 12 χ1 , 1 

−χ2 , 21 χ1 , 1 χ1 , 2 − χ2 , 12 χ1 , 2 χ1 , 1 − χ2 , 2 χ1 , 11 χ1 , 2 

−χ2 , 1 χ1 , 22 χ1 , 1 − χ2 , 2 χ1 , 1 χ1 , 21 − χ2 , 1 χ1 , 2 χ1 , 12 ) 

+ 

1 

2 

E(3 χ2 , 11 χ2 , 1 χ2 , 1 + χ2 , 11 χ1 , 1 χ1 , 1 

+ 2 χ1 , 11 χ2 , 1 χ1 , 1 ) − Cχ2 , 1111 , (53)

which together with the constraint of the bulk incompressibility, 

det F = χ1 , 1 χ2 , 2 − χ1 , 2 χ2 , 1 = 1 , (54)

solves the unknown potentials of χ1 , χ2 and p . The solution of the

above PDE can be uniquely determined by imposing the admis-

sible boundary conditions in Eq. (44) . For the rectangular shaped

samples where D · T = 0 and D · N = 1 , Eq. (44) takes the following

form 

t 1 = P 11 , t 2 = 0 , 

m 1 = Cg 1 , m 2 = 0 , 

f 1 = f 2 = 0 . (55)

In addition, from Eqs. (5) and (49) , the expressions of P 11 and

g 1 can be obtained, respectively, as 

P 11 = μχ1 , 1 + λ(χ1 , 1 χ2 , 2 χ2 , 2 −χ1 , 2 χ2 , 1 χ2 , 2 ) 

+ 

1 

2 

Eχ1 , 1 (χ1 , 1 χ1 , 1 + χ2 , 1 χ2 , 1 + χ1 , 2 χ1 , 2 + 2 , 1 χ2 , 22 , 1 χ2 , 2 ) 

−1 

Eχ1 , 1 −Cχ1 , 111 − pχ2 , 2 , 

2 
g 1 = G 111 D 1 D 1 = χ1 , 11 . (56)

he numerical solution of the obtained PDE system ( Eqs. (42) –(44) )

an be accommodated via commercial packages (e.g. Matlab, COM-

OL etc...). The details of numerical procedures are reserved in the

Appendix” for the sake of coherence. 

.1. Consideration of linear theory 

Although the proposed model is intended for large deformation

nalyses, the development of the compatible linear model may be

f practical interest especially when the induced deformations are

etermined to be ‘ small ’. In such cases, the linear theory may sup-

ly reasonable alternatives with reduced computational resources.

ur intention here is to investigate the possibility of a compatible

inear model for the materials of the Mooney Rivlin type within

he description of superposed incremental deformations. 

We consider superposed ‘ small ’ deformations defined by 

= χ o + ε ˙ χ ; | ε| � 1 , (57)

here ( ̇ ∗) = ∂ (∗) /∂ ε, ˙ χ = u and ( ∗) o denote configuration of ∗,

valuated at ε = 0 , ( ̇ ∗) = ∂ (∗) /∂ ε. Here caution needs to be taken

hat the present notation is not confused with the one used for

he variational computation. Accordingly, the deformation gradient

ensor can be approximated as 

 = F o + ε∇u , where ˙ F = ∇u . (58)

n a typical environment, the body is initially undeformed and

tress free (i.e. at ε = 0 , F o = I and P o = 0 ). To accommodate the

nitial conditions, we require 

 o = I and P o = 0 , at ε = 0 , (59)

rom which Eq. (58) reduces to 

 = I + ε∇ u , (60)

nd successively yields 

 

−1 = I − ε∇ u + o(ε) and J = det F = 1 + εdiv u + o(ε) . (61a)

lso, in view of Eq. (57) , we approximate Eq. (33) as 

i v (P ) = Di v (P o ) + εDi v ( ̇ P ) + o(ε) = 0 . (62)

Dividing the above by ε and letting ε → 0, we find the follow-

ng linearized Euler equation 

i v ( ̇ P ) = 0 or ˙ P iA,A = 0 , (63)

here the expression of ˙ P iA can be obtained from Eq. (45) that 

˙ 
 iA = (W F iA 

˙ ) + E[ ̇ F jC (F jD ) o D C D D ][(F iB ) o D B D A )] 

+ 

E 

2 

[(F jC ) o (F jD ) o D C D D − 1]( ̇ F iB D B D A ) − ˙ p (F ∗iA ) o 

− p ̇ F ∗iA − ˙ g i,B D A D B . (64)

ince (F jD ) o = δ jD and (F ∗
iA 

) o = δiA at ε = 0 , Eq. (64) further reduces

o 

˙ 
 iA = (W F iA 

˙ ) + Eu j,B D A D B D i D j − ˙ p δiA − p ̇ F ∗iA − u i,BCD D C D D D A D B , 

(65)

here δ jC δ jD D C D D = D C D C = 1 and ˙ g i,B = 

˙ F iC,BD D C D D . We note that,

n the above equation, the initial director field D is represented by

he current basis (i.e. D i e i ) not by the reference frame (i.e. D A E A ).

his is due to the collapse of two different bases arising in linear

lasticity theory (i.e. e i ≡ E A ; see, also, Ogden, 1984; Steigmann,

017 ). Hence, the associated tensor operations are possible without

onflicting the bases. 

Now we find from Eqs. (48) and (49) that 

(W F 
˙ ) = μ ˙ F iA + λ ˙ F iB (δ jC δ jC δAB − δ jA δ jB ) 
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Fig. 1. Experimental set up: Elastomeric composite sample (50mm × 25mm) under uniaxial tension test. 

Fig. 2. Stress-strain curves: Ecoflex-0050 and the Mooney Rivlin curve fitting. 

Fig. 4. Schematic of the problem: 2 a = 50 mm and 2 b = 25 mm. 

w  

R  

(

P

w  

 

o

 

I  

 

a

P

+ λδiB (2 ̇

 F jC δ jC δAB − ˙ F jA δ jB − δ jA 
˙ F jB ) 

= μ ˙ F iA + 2 λ ˙ F BB δiA − λ ˙ F Ai , (66) 
Fig. 3. (a) Stress-strain: PES-2 and PES-3 fibers. (b)
hich may serve as the linearized variational form of the Mooney

ivlin strain energy potential. The substitution of Eq. (66) into Eq.

64) then furnishes 

˙ 
 iA = μu i,A − λu A,i + Eu j,B D A D B D i D j − ˙ p δiA − p o ̇ F ∗iA 

− u i,BCD D C D D D A D B , (67) 

here p o = μ to recover the initial stress free state at ε = 0 (i.e.

( ̇ P iA ) ε=0 = 0 ), and 

˙ F BB = u B,B vanishes from the linearized condition

f bulk incompressibility; i.e., 

(J − 1 ̇

 ) = (F ∗iA ) o ˙ F iA = δiA u i,A = u A,A = 0 . (68)

n addition, using the identities of ˙ F ∗
iA,A 

= 0 (Piola’s identity) and

( ̇ p δiA ) ,A = ˙ p ,A δiA = ˙ p ,i , the expression of ˙ P iA,A can be formulated

s 

˙ 
 iA,A = μu i,AA − λu A,iA + Eu j,AB D A D B D i D j − ˙ p ,i 
 Stress-strain: NSP-8515 and NSP-8020 fibers. 
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Fig. 5. Stress-strain curves from different prediction models: PES-2 & PES-3. 
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− u i,ABCD D C D D D A D B = 0 . (69)

But, from the compatibility condition of u A,iA , together with

Eq. (68) , it is not difficult to show 

u A,iA = u A,Ai = (u A,A ) i = 0 . (70)

Consequently, Eq. (69) becomes 

˙ P iA,A = μu i,AA + Eu j,AB D A D B D i D j − ˙ p ,i − u i,ABCD D C D D D A D B = 0 , (71)

which can serve as the compatible linear Euler equation for the

materials of Mooney Rivlin type. 

We remark that the linearized equations derived from the pro-

posed model ( Eq. (71) ) are the same as those obtained from the

setting of the Neo Hookean based model (see, Eq. (56) in Zeidi and

Kim, 2017b or Eq. (77) in Kim and Zeidi, 2018 ). This is mainly due

to the fact that the influence of the higher-order invariant term,

I 2 , in the Mooney Rivlin energy potential is gradually diminished

as it enters into the small deformation regime. Since the existence

of the high-order invariant term I 2 is the primary distinction be-

tween the Mooney Rivlin and Neo Hookean models, the above re-

sult would mean that the two models become essentially identical

within the prescription of superposed incremental deformations.

Therefore, the linear consideration of the Mooney Rivlin potential
Fig. 6. Stress-strain curves from different prediction m
ay not be necessary in the present case. The corresponding solu-

ions of Eqs. (68) and (71) and the necessary boundary conditions

an be found in Zeidi and Kim (2017b) and Kim and Zeidi (2018) . 

. Model implementation and discussions 

A comparison with experimental results is presented in this

ection to demonstrate the performance and utility of the pro-

osed model. We designed the uniaxial tension test of four dif-

erent types of elastomeric composites that are reinforced, re-

pectively, by polyester/spandex fibers (PES-2, PES-3) and ny-

on/spandex fibers (NSP-8515, NSP-8020). Ecoflex 0050 (Smooth-on

nc., USA) is used for the matrix materials for all the fiber samples,

hich is known to be one of the promising materials in biome-

hanical applications for its high tear resistance and large exten-

ibility. The reinforced elastomeric composites were fabricated in

 three-layer configuration using the layer by layer method. First,

coflex 0050 elastomer was prepared by mixing two components (a

ase and curing agent) in 1: 1 ratio and subsequently degassed in

 vacuum chamber to remove entrapped bubbles. The second layer

f long fibers was then placed flat on the elastomer and allowed

o wet at the interface. A small amount of elastomer was poured

nd rolled over the fibers to wet it again and to fill the gaps be-

ween pores and level the second layer. Lastly, a sufficient amount

f elastomer was poured over the second layer and placed into the

lm applicator rod to yield uniform film. The dimensions of the

abricated elastomeric composites were measured using a caliper

nd an aspect ratio of length-to-width of 2: 1 was maintained

or all samples. Instron 5943 (Illinois Tool Works Inc., USA) was

sed to measure stress-strain responses of the prepared compos-

tes (See Fig. 1 ). The extension rate was set to be 10 mm per minute

o avoid/minimize viscous responses. The stress-strain curves and

he deformations of material points on the samples were simulta-

eously recorded for the purpose of comparisons with the theoret-

cal predictions obtained from the proposed model. 

The material parameters of the matrix material (i.e. λ and μ)

re determined from the stress-strain curve of Ecoflex-0050 (see,

ig. 2 ) using the Mooney-Rivlin model. The elastic modulus of

bers (i.e. E and C ) are obtained from the stress-strain curves of

he four different fibers ( Fig. 3 (a) and (b)) in which we used the

ormula ( Mihai and Goriely, 2017 ) 

 = 

P 

a − λ(a ) 
(1 − λ

′ 
(a )) (72)

ere, P and a are the stress and extension ratio of fibers, respec-

ively, while λ( a ) is the stretch ratio in the orthogonal direction
odels: PES-2 & PES-3: NSP8020-2 & NSP8515. 
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Fig. 7. Deformation profiles: (a) χ1 (PES-2); (b) χ (PES-2); (c) χ1 (PES-3); (d) χ2 (PES-3). 
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rom the stress-strain data of fibers ( Fig. 3 (a) and (b)). The ob-

ained material properties are then used as the input parameters

f the PDEs in Eqs. (64) and (65) , which are numerically solved via

he custom-built algorithm (see, Appendix). In the assimilations,

he applied load P 11 is computed from Eq. (49) such that 

 11 = μχ1 , 1 + λ(χ1 , 1 χ2 , 2 χ2 , 2 −χ1 , 2 χ2 , 1 χ2 , 2 ) 

+ 

1 

2 

Eχ1 , 1 (χ1 , 1 χ1 , 1 + χ2 , 1 χ2 , 1 + χ1 , 2 χ1 , 2 + 2 , 1 χ2 , 22 , 1 χ2 , 2 ) 

−1 

2 

Eχ1 , 1 −Cχ1 , 111 − pχ2 , 2 . (73) 

he associated boundary conditions are prescribed as follows (see,

ig. 4.): 

 1 = P 11 , t 2 = P 12 = 0 , at X 1 = a, −a and 

 1 = P 21 = 0 , t 2 = P 22 = 0 , at X 2 = b, −b. (74) 

In addition, the following Holzapfel model ( Holzapfel et al.,

0 0 0 ) is used in the estimation of the experimental results: 

 = 

c 

2 

(I 1 − 3) + 

k 1 
2 k 2 

∑ 

i =4 , 6 

{ exp [ k 2 (I i − 1) 2 ] − 1 } , (75)

here c is the property of matrix and k 1 and k 2 are empirical

tting parameters pertaining to the composites. The obtained re-

ults are then compared with the predictions made by the pro-
osed model. The Holzapfel model is widely adopted in bioma-

erials applications such as mimicking natural aorta, vein, carti-

age and aortic valve where the J-shaped stress-strain responses

see, Fung, 1984; Vatankhah-Varnosfaderani et al., 2017; Yan et al.,

017 and Zhalmuratova et al. ) and significant anisotropy ( Fung,

993; Abe and Hayashi, 1996 ) are the primary design consider-

tions. Our intention for the model comparison is to investigate

he potential applications of the proposed model in the design and

nalysis of biomimetic materials that can be implanted to replace

r repair damaged/missing tissue. 

A comparison among the stress-strain curves obtained from the

xperimental data, the proposed model and the Holzapfel model

re presented in Figs. 5 and 6 . It is shown in Figs. 5 and 6 that the

roposed model successfully predict the J-shaped stress-strain re-

ponses of the composites regardless of the different strain- stiff-

ning rates. The Holzapfel model also produces reasonably accu-

ate estimations of the stress-strain curves of the tested samples

xcept the slight deviations in the transition (i.e. strain-stiffening)

egimes of PES-3 and NSP-8515 composites where rapid strain-

tiffening responses are observed at a low strain level. In other

ords, the Holzapfel model is less sensitive to the steep variations

f the stress-strain curve than the proposed model. Such limited

ensitivity may not compromise the overall prediction accuracy of

he model. However, it may be potential disadvantage, especially
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Fig. 8. Deformation profiles: (a) χ1 (NSP-8020); (b) χ2 (NSP-8020); (c) χ1 (NSP-8515); (d) χ2 (NSP-8515). 
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when mimicking biological tissues, considering the fact that one

of the primary requirements of the theoretical model is the ability

to predict rapid strain-stiffening behaviors at a low level of strain,

which is also known to be a characteristic of most biological tis-

sues ( Fung, 1984; Vatankhah-Varnosfaderani et al., 2017 ). 

More importantly, unlike the Holzapfel model in which the em-

pirical constants k 1 and k 2 are obtained from the fabricated com-

posites, the proposed model predicts the resultant properties of

desired composites prior to the composition as long as the mate-

rial parameters of matrix materials and fibers are provided (i.e. no

empirical curve fitting of the composite is necessary). This may be

of more practical interest, especially in the design stage of compos-

ites. Since the responses of the intended composites can be prede-

termined using the proposed model, through which the required

resources in the sample productions may be minimized. 

In addition to the abovementioned technical merits, the pro-

posed model provides the quantitative predictions of other key

design considerations such as deformation profiles and contours,

and shear strain distributions. Fig. 7 (a)–(d) illustrate the χ1 and

χ2 deformation profiles of the polyester/spandex fiber-composites

(PES-2, PES-3) at different strain levels. Despite the inevitable un-

certainties (e.g. image processing and curve fitting), the deforma-
ion profiles from the experiment and the theoretical predictions

emonstrate close agreement throughout the entire domain of in-

erest. In the case of the nylon/spandex fiber-composites (NSP-

515, NSP-8020), the proposed model accurately predicts the χ1 

eformations (axial elongation) of both samples (see, Fig. 8 (a)–(c)),

et has limitations in the prediction of χ2 deformations, especially

hose in the NSP-8515 composites at lower strain levels ( Fig. 8 (d)).

his may be due to the NSP-8515 fibers’ resistance along the χ2 di-

ection within the composites, which hinders the χ2 deformation.

e speculate that the bidirectional fiber model may be suitable for

he deformation analysis of NSP-8515 fiber-composites. Further re-

earch on these cases is, however, beyond the scope of the present

tudy, yet is certainly of practical interest. The graphical compar-

sons between the theoretical prediction and experimental result

or the cases of the PES-3 sample at 50% and 100% elongations, and

he NSP-8020 sample at 167% and 235% elongations are presented

n Figs. 9 - 10 for the purpose of cross-examination with the de-

ormation data obtained in Figs. 7 and 8 . The plotted deformation

ontours are the norms of displacement fields (i.e. 
√ 

χ2 
1 

+ χ2 
2 

) and

emonstrate reasonably close agreement with the deformed con-

gurations of both composite samples. The same comparisons are

ade for the PES-2 and NSP-8515 cases, which again indicate close
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Fig. 9. Comparisons of the overall deformations: PES-3 at 50% (top) and 100% (bot- 

tom) elongations. 

Fig. 10. Comparisons of the overall deformations: NSP-8020 at 167% (top) and 235% 

(bottom) elongations. 

Fig. 11. Shear angle distributions: PES-3 at 50% (top) and 100% (bottom) elongation. 

Fig. 12. Shear angle distributions: NSP8020 at 167% (top) and 235% (bottom) elon- 

gation. 
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orrespondence with experiments except NSP-8515 at 50% elonga-

ion (see, also, Fig. 8 (d)). However, these have been intentionally

mitted for the sake of conciseness. 

Lastly, the shear angle distributions from both the experiments

nd theoretical predictions are presented through Figs. 10 and 11 .

he corresponding shear angle configurations are mapped using a

ne mesh grid of 1.78 mm × 1.78 mm printed on the surfaces of the

ES-3 and NSP-8020 composite samples. The deformed material

oints are measured from the intersections of printed mesh grids

nd subsequently processed via the Matlab image processing tool
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in order to compute the shear strain relation of γxy = α + β, where

tan (α) = χ2 , 1 / (1 + χ1 , 1 ) and tan (β) = χ1 , 2 / (1 + χ2 , 2 ) . The pre-

diction results in Figs. 10 and 11 clearly indicate that the obtained

model successfully estimates the shear strain distributions of the

PES-3 composite at 50% and 100%, and the NSP-8020 composite

at 167% and 235% strain levels. In particular, the shear strain dis-

tributions predicted by the proposed model are smooth and con-

tinuous over the entire domain of interest unlike those depicted

by the classical (first-order) continuum theory where significant

discontinuities are present (see, also, Dell’Isola et al., 2017 and

Dell’Isola et al., 2016a ). Further, the corresponding stress fields be-

come “Piola type double stress” (see, for example, Javili et al., 2013;

dell’Isola et al., 2012; dell’Isola et al., 2016 ) due to the introduction

of bending stiffness of fibers into the model of continuum defor-

mation (second-gradient continuum). In other words, the resulting

stress fields now depend both on the axial stiffness ( E ) and bend-

ing stiffness ( C ) of fibers (see, Eq. 73 ). More detailed discussions

regarding the qualitive sensitivity of the deformation, stress and

strain fields with respect to the material parameters of fibers can

be found in Zeidi and Kim (2018, 2017b) and Kim and Zeidi (2018) .

In the present case, the J-shaped stress-strain response of a certain

composite tends to be stiffer with increasing bending modulus of

fibers. The result may be further extended to the failure analysis

of highly strained fiber-elastomer composites by providing quanti-

tative measurements of the shear strain energy distributions of the

desired composites. 

Overall, the proposed model successfully predicts the various

important mechanical responses of the tested elastomeric compos-

ites and therefore may also serve as an alternative of the Holzapfel

model in the design and analysis of biomimetic composites, es-

pecially those exhibiting significant strain-stiffening responses at

a low level of strain. 

7. Conclusion 

In this study, we present a continuum model for the mechan-

ics of a hyperelastic polymer material reinforced with polyester

fibers in finite plane elastostatics. The reinforcing long fibers are

idealized as continuously distributed spatial rods of the Kirchhoff

type, where the elastic resistant of fibers against stretch and flex-

ure are integrated into the models of the continuum deformation

via the first and second gradient of deformations, respectively. We

place an emphasis on the assimilation of J-shaped stress-strain be-
aviors of the elastomeric composites while maintaining the rigor

nd sufficient generality in the derivation of the associated con-

titutive formulation. To accommodate the hyperelastic responses

f the matrix material ( Ecoflex 0050 ), the strain energy function of

he composite is refined by the Mooney Rivlin model. Within the

ramework of the second gradient theory, the Euler equation and

ecessary boundary conditions are also derived using the varia-

ional principles and the virtual work statement. These, in turn,

urnishes a highly nonlinear PDE from which a set of numerical

olutions describing the hyperelastic responses of the composites

re obtained via the custom-built numerical procedures. 

More importantly, we demonstrated that the presented model

uccessfully predicts rapid strain-stiffening behavior of the Ecoflex

 050 0-fiber composite at low strain level. Further, the deformation

rofiles and shear angle distributions of the composites are com-

uted which demonstrate good agreement with the in-house ex-

eriment and the existing results in literature. In particular, the ob-

ained model directly predicts the resultant stress-strain responses

f the composite via the integration of the known modulus of ma-

rix materials and fibers. This may facilitate the design and anal-

sis of a certain composite, since the model provides the instant

stimations of the mechanical responses of composite prior to the

abrication. Potential applications may also include the failure anal-

sis of highly strained elastomeric composites by estimating the

hear strain fields from the obtained deformation map through

hich the corresponding shear energy distributions can be ob-

ained. Lastly, we mention that the proposed model may serve as

n alternative of the Holzapfel model in the estimations of rapid

tress-strain responses of hyperelastic composite materials. 
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A E 

equations with coupled non-linear terms. The case of such less regular 

P practical interest. Hence, it is not trivial to demonstrate the associated 

n

0 χ2 , 21 F + 2 Eχ2 , 12 D − χ1 , 21 DF − χ1 , 12 F D 

 , 1 + Q χ2 , 1 χ2 , 1 + 2 Rχ1 , 1 χ2 , 1 ) 

0 χ1 , 21 E + 2 F χ1 , 12 C − χ2 , 21 CE − χ2 , 12 EC 

 , 1 + Rχ1 , 1 χ1 , 1 + 2 Qχ2 , 1 χ1 , 1 ) 

0

0

0

0

0

0

0

0 (76) 

w hus, the order of differential equations is reduced from the three cou- 

p . In particular, the non-linear terms in the above equations (e.g. A χ2,2 , 

B terative procedure: 

−
(77) 

w ed on their previous estimations (e.g. A 1 and B 1 are refreshed by their 

p her non-linear terms. 

0 2 D 0 D 0 + 2 C 0 χ2 , 21 F 0 

 

D 0 χ2 , 21 

0 2 C 0 C 0 + 2 D 0 χ1 , 21 E 0 

 0 χ1 , 21 

0

0

0

0

0

0

0

ppendix A. Finite element analysis of the 4th order coupled PD

The systems of PDEs in Eqs. (52) –(54) are 4th order differential 

DEs deserve delicate mathematical treatment and is of particular 

umerical analysis procedures. 

For preprocessing, Eqs. (52) –(54) may be recast as 

 = μ(Q + χ1 , 22 ) − Aχ2 , 2 + Bχ2 , 1 − CQ , 11 + λ(QF F + χ1 , 22 DD + 2 C

−ERF − Cχ2 , 22 D − EDχ2 , 21 − CF χ2 , 12 ) − 1 

2 

EQ + 

1 

2 

E(3 Q χ1 , 1 χ1

 = μ(χR + χ2 , 22 ) − Bχ1 , 1 + Aχ1 , 2 − CR , 11 + λ(REE + χ2 , 22 CC + 2 D

−F QE − Dχ1 , 22 C − F Cχ1 , 21 − DEχ1 , 12 ) − 1 

2 

ER + 

1 

2 

E(3 Rχ2 , 1 χ2

 = Q − χ1 , 11 , 

 = R − χ2 , 11 , 

 = C − χ1 , 1 , 

 = D − χ2 , 1 , 

 = E − χ1 , 2 , 

 = F − χ2 , 2 , 

 = A − μ(Q + χ1 , 22 ) − CQ , 11 , 

 = B − μ(R + χ2 , 22 ) − CR , 11 , 

here Q = χ1 , 11 , R = χ2 , 11 , C = χ1 , 1 , D = χ2 , 1 , E = χ1 , 2 , F = χ2 , 2 . T

led equations of 4th order to ten coupled equations of 2nd order

 χ2,1 etc...) can be systematically treated via the following Picard i

A 

initial χ initial 
2 , 2 + B 

initial χ initial 
2 , 1 ⇒ −A 0 χ

0 
2 , 2 + B 0 χ

0 
2 , 1 

A 

initial χ initial 
1 , 2 − B 

initial χ initial 
1 , 1 �⇒ A 0 χ

0 
1 , 2 − B 0 χ

0 
1 , 1 , 

here the estimated values of A and B continue to be updated bas

revious pair of A o and B o ) as iteration progresses as well as for ot

Further, we find the weight forms of Eq. (76) as 

 = 

∫ 
�

w 1 (μ(Q + χ1 , 22 ) − A 0 χ2 , 2 + B 0 χ2 , 1 − CQ , 11 + λ(QF 0 F 0 + χ1 , 2

+2 E 0 χ2 , 12 D 0 − χ1 , 21 D 0 F 0 − χ1 , 12 F 0 D 0 − E 0 RF 0 − C 0 χ2 , 22 D 0 − E 0

−C 0 F 0 χ2 , 12 ) − 1 

2 

Ew 1 Q + 

1 

2 

Ew 1 (3 Q C 2 0 + Q D 

2 
0 + 2 RC 0 D 0 )) d�

 = 

∫ 
�

w 2 (μ(R + χ2 , 22 ) − B 0 χ1 , 1 + A 0 χ1 , 2 − CR , 11 + λ(RE 0 E 0 + χ2 , 2

+2 F 0 χ1 , 12 C 0 − χ2 , 21 C 0 E 0 − χ2 , 12 E 0 C 0 − F 0 QE 0 − D 0 χ1 , 22 C 0 − F 0 C

−D 0 E 0 χ1 , 12 ) − 1 

2 

Ew 2 R + 

1 

2 

w 2 E(3 RD 

2 
0 + RC 2 0 + 2 QD 0 C 0 )) d�

 = 

∫ 
�

w 3 (Q − χ1 , 11 ) d�, 

 = 

∫ 
�

w 4 (R − χ2 , 11 ) d�, 

 = 

∫ 
�

w 5 (C − χ1 , 1 ) d�, 

 = 

∫ 
�

w 6 (D − χ2 , 1 ) d�, 

 = 

∫ 
�

w 7 (E − χ1 , 2 ) d�, 

 = 

∫ 
�

w 8 (F − χ2 , 2 ) d�, 

 = 

∫ 
�

w 9 (A 0 − μ(Q + χ1 , 22 ) − CQ , 11 ) d�, 
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(78) 

, (e.g . μ
∫ 

�e w 1 χ1 , 22 d� = −μ
∫ 

�e w 1 , 2 χ1 , 2 d� + μ
∫ 

∂� w 1 χ1 , 2 Nd�) the 

 1 QF 0 F 0 − λw 1 , 2 χ1 , 2 D 0 D 0 

1 , 1 F 0 D 0 − λw 1 E 0 RF 0 

w 1 Q , 1 Nd �

2 , 1 D 0 Nd�

 , 2 Nd�

 2 RE 0 E 0 − λw 2 , 2 χ2 , 2 C 0 C 0 

2 , 1 E 0 C 0 − λw 2 F 0 QE 0 

 2 R , 1 Nd�

 

χ1 , 1 Nd�

 

Nd�

� −
∫ 
∂�

Cw 9 Q , 1 Nd�

 

Nd� −
∫ 
∂�

Cw 10 R , 1 Nd�, (79) 

associated boundary, and the rightward unit normal to the boundary 

, χ , Q , R, C, D, E, F , A and B can be written in the form of Lagrangian 
0 = 

∫ 
�

w 10 (B 0 − μ(R + χ2 , 22 ) − CR , 11 ) d�, 

Hence, applying integration by part and Green-stokes theorem

final weak forms of Eq. (78) can be obtained as follows 

0 = 

∫ 
�

(w 1 μQ − μw 1 , 2 χ1 , 2 − w 1 A 0 χ2 , 2 + w 1 B 0 χ2 , 1 + Cw 1 , 1 Q , 1 + λw

−2 λw 1 , 1 C 0 χ2 , 2 F 0 − 2 λw 1 , 2 E 0 χ2 , 1 D 0 + λw 1 , 1 χ1 , 2 D 0 F 0 + λw 1 , 2 χ

+ λw 1 , 2 C 0 χ2 , 2 D 0 + λw 1 , 1 E 0 D 0 χ2 , 2 + λw 1 , 2 C 0 F 0 χ2 , 1 + 

1 

2 

Ew 1 Q 

+ 

1 

2 

Ew 1 (3 Q C 2 0 + Q D 

2 
0 + 2 RC 0 D 0 )) d � + 

∫ 
∂�

μw 1 χ1 , 2 Nd � −
∫ 
∂�

C

+ 

∫ 
∂�

λw 1 χ1 , 2 D 0 D 0 Nd� + 2 

∫ 
∂�

λw 1 C 0 χ2 , 2 F 0 Nd� + 2 

∫ 
∂�

λw 1 E 0 χ

−
∫ 
∂�

λw 1 χ1 , 2 D 0 F 0 Nd� −
∫ 
∂�

λw 1 C 0 χ2 , 2 D 0 Nd� −
∫ 
∂�

λw 1 E 0 D 0 χ2

−
∫ 
∂�

λw 1 C 0 F 0 χ2 , 1 Nd� −
∫ 
∂�

λw 1 χ1 , 1 F 0 D 0 Nd�

0 = 

∫ 
�

(w 2 μR − μw 2 , 2 χ2 , 2 − w 2 B 0 χ1 , 1 + w 2 A 0 χ1 , 2 + Cw 2 , 1 R , 1 + λw

−2 λw 2 , 1 D 0 χ1 , 2 E 0 − 2 λw 2 , 2 F 0 χ1 , 1 C 0 + λw 2 , 1 χ2 , 2 C 0 E 0 + λw 2 , 2 χ

+ λw 2 , 2 D 0 χ1 , 2 C 0 + λw 2 , 1 F 0 C 0 χ1 , 2 + λw 2 , 2 D 0 E 0 χ1 , 1 − 1 

2 

Ew 2 R 

+ 

1 

2 

w 2 E(3 RD 

2 
0 + RC 2 0 + 2 QD 0 C 0 )) d� + 

∫ 
∂�

μw 2 χ2 , 2 Nd� −
∫ 
∂�

Cw

+ 

∫ 
∂�

λw 2 χ2 , 2 C 0 C 0 Nd� + 2 

∫ 
∂�

λw 2 D 0 χ1 , 2 E 0 Nd� + 2 

∫ 
∂�

λw 2 F 0 C 0

−
∫ 
∂�

λw 2 χ2 , 2 C 0 E 0 Nd� −
∫ 
∂�

λw 2 F 0 C 0 χ1 , 2 Nd� −
∫ 
∂�

λw 2 χ2 , 1 E 0 C 0

−
∫ 
∂�

λw 2 D 0 χ1 , 2 C 0 Nd� −
∫ 
∂�

λw 2 D 0 E 0 χ1 , 1 Nd�

0 = 

∫ 
�

(w 3 Q + w 3 , 1 χ1 , 1 ) d� −
∫ 
∂�

w 3 χ1 , 1 Nd�

0 = 

∫ 
�

(w 4 R + w 4 , 1 χ2 , 1 ) d� −
∫ 
∂�

w 4 , 1 χ2 , 1 Nd�

0 = 

∫ 
�

(w 5 C − w 5 χ1 , 1 ) d�

0 = 

∫ 
�

(w 6 D − w 6 χ2 , 1 ) d�, 

0 = 

∫ 
�

(w 7 E − w 7 χ1 , 2 ) d�, 

0 = 

∫ 
�

(w 8 F − w 8 χ2 , 2 ) d�, 

0 = 

∫ 
�

(w 9 A − μw 9 Q + μw 9 , 2 χ1 , 2 + Cw 9 , 1 Q , 1 ) d� −
∫ 
∂�

μw 9 χ1 , 2 Nd

0 = 

∫ 
�

(w 10 B − μw 10 R + μw 10 , 2 χ2 , 2 + Cw 10 , 1 R , 1 ) d� −
∫ 
∂�

μw 10 χ2 , 2

where �, ∂� and N are, respectively the domain of interest, the 

∂� in the sense of the Green-stoke’s theorem. The unknowns, χ
1 2 
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p

(80) 

T

w (81) 

w  functions; �1 = 

(x −2)(y −1) 
2 , �2 = 

x (y −1) 
−2 , �3 = 

xy 
2 and �4 = 

y (x −2) 
−2 . By 

m olynomial as 

0 , 2 D 0 D 0 ) d�} χ1 j + 

∑ { 
∫ 
�e 

(�i � j, 1 B 0 

 0 + λ�i, 1 � j, 2 E 0 D 0 + λ�i, 2 � j, 1 C 0 F 0 ) d�} χ2 j 

j C 
2 
0 + 

1 

2 

E�i � j D 

2 
0 ) d�} Q j 

 � −
∫ 
∂�

(C�i Q , 1 ) Nd � + 

∫ 
∂�

(λ�i χ1 , 2 D 0 D 0 ) Nd�

1 , 2 D 0 F 0 ) Nd� −
∫ 
∂�

(λ�i C 0 χ2 , 2 D 0 ) Nd�

F 0 D 0 ) Nd�

0
 

F 0 C 0 λ�i, 2 � j, 2 D 0 C 0 + λ�i, 1 � j, 2 F 0 C 0 

 0 + λ�i, 1 � j, 2 C 0 E 0 + λ�i, 2 � j, 1 E 0 C 0 ) d�} χ2 j 

+ C�i, 1 � j, 1 + λ�i � j E 0 E 0 + 

1 

2 

E�i � j 

i R , 1 ) Nd � + 

∫ 
∂�

(λ�i χ2 , 2 C 0 C 0 ) Nd�

2 , 2 C 0 E 0 ) Nd� −
∫ 
∂�

(λ�i χ2 , 1 E 0 C 0 ) Nd�

 

χ1 , 2 ) Nd�

0 d �, 

0 d �, 

0

0

0

0

0
∑ { 

∫ 
�e 

(μ�i, 2 � j, 2 ) d�} χ1 j 
olynomial such that 

(∗) = 

n =4 ∑ 

j=1 

[(∗) j � j (x, y )] . 

hus, the test function w is found to be 

 = 

n =4 ∑ 

i =1 

w i �i (x, y ) ; i = 1 , 2 , 3 , 4 , and j = 1 , 2 , 3 , 4 , 

here w i is weight of the test function and � i ( x, y ) are the shape

eans of Eq. (80) , Eq. ((79) may be recast in terms of Lagrangian p

 = 

∑ { 
∫ 
�e 

(λ�i, 1 � j, 2 D 0 F 0 + λ�i, 2 � j, 1 F 0 D 0 − μ�i, 2 � j, 2 − λ�i, 2 � j

−�i � j, 2 A 0 − 2 λ�i, 1 � j, 2 C 0 F 0 − 2 λ�i, 2 � j, 1 E 0 D 0 + λ�i, 2 � j, 2 C 0 D

+ 

∑ { 
∫ 
�e 

(μ�i � j + C�i, 1 � j, 1 + λ�i � j F 0 F 0 + 

1 

2 

E�i � j + 

3 

2 

E�i �

+ 

∑ { 
∫ 
�e 

(−λ�i � j E 0 F 0 + E�i � j C 0 D 0 ) d �} R j + 

∫ 
∂�

(μ�i χ1 , 2 ) Nd

+ 

∫ 
∂�

(2 λ�i C 0 χ2 , 2 F 0 ) Nd� + 2 

∫ 
∂�

(λ�i E 0 D 0 χ2 , 1 ) Nd� −
∫ 
∂�

(λ�i χ

−
∫ 
∂�

(λ�i E 0 D 0 χ2 , 2 ) Nd� −
∫ 
∂�

(λ�i C 0 F 0 χ2 , 1 ) Nd� −
∫ 
∂�

(λ�i χ1 , 1 

 = 

∑ { 
∫ 
�e 

(−�i � j, 1 B 0 + �i � j, 2 A 0 − 2 λ�i, 1 � j, 2 D 0 E 0 − 2 λ�i, 2 � j, 1

+ λ�i, 2 � j, 1 D 0 E 0 ) d�} χ1 j + 

∑ { 
∫ 
�e 

(−μ�i, 2 � j, 2 − λ�i, 2 � j, 2 C 0 C

+ 

∑ { 
∫ 
�e 

(−λ�i � j F 0 E 0 + E�i � j C 0 D 0 ) d�} Q j + 

∑ { 
∫ 
�e 

(μ�i � j 

+ 

3 

2 

E �i � j D 

2 
0 + 

1 

2 

E �i � j C 
2 
0 ) d �} R j + 

∫ 
∂�

(μ�i χ2 , 2 ) Nd � −
∫ 
∂�

(C�

+2 

∫ 
∂�

(λ�i D 0 χ1 , 2 E 0 ) Nd� + 2 

∫ 
∂�

(λ�i F 0 C 0 χ1 , 1 ) Nd� −
∫ 
∂�

(λ�i χ

−
∫ 
∂�

(λ�i D 0 χ1 , 2 C 0 ) Nd� −
∫ 
∂�

(λ�i D 0 E 0 χ1 , 1 ) Nd� −
∫ 
∂�

(λ�i F 0 C 0

 = 

∑ { 
∫ 
�e 

(�i � j ) d �} Q j + 

∑ { 
∫ 
�e 

�i, 1 � j, 1 ) d �} χ1 j −
∫ 
∂�e 

(�i χ1 , 1 ) N

 = 

∑ { 
∫ 
�e 

(�i � j ) d �} R j + 

∑ { 
∫ 
�e 

�i, 1 � j, 1 ) d �} χ2 j −
∫ 
∂�e 

(�i χ2 , 1 ) N

 = 

∑ { 
∫ 
�e 

(�i � j ) d�} C j −
∑ { 

∫ 
�e 

(�i � j, 1 ) d�} χ1 j 

 = 

∑ { 
∫ 
�e 

(�i � j ) d�} D j −
∑ { 

∫ 
�e 

(�i � j, 1 ) d�} χ2 j 

 = 

∑ { 
∫ 
�e 

(�i � j ) d�} E j −
∑ { 

∫ 
�e 

(�i � j, 2 ) d�} χ1 j 

 = 

∑ { 
∫ 
�e 

(�i � j ) d�} F j −
∑ { 

∫ 
�e 

(�i � j, 2 ) d�} χ2 j 

 = 

∑ { 
∫ 
�e 

(�i � j ) d�} A j + 

∑ { 
∫ 
�e 

(−μ�i � j + C�i, 1 � j, 1 ) d�} Q j + 
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rro

s. 

 

 { 
∫
�

le

 0 D

λ

 0

 

N

ss

e G

K 

1

K 

2

K 

3

K 

4

K 

5

K 

6

K 

7

K 

8

K 

9

 

10

 

 =  

 1
−
∂�e 

(μ�i χ1 , 2 ) Nd� −
∂�

(C�i Q , 1 ) Nd�

0 = 

∑ { 
∫ 
�e 

(�i � j ) d�} B j + 

∑ { 
∫ 
�e 

(−μ�i � j + C�i, 1 � j, 1 ) d�} R j + 

−
∫ 
∂�e 

(μ�i χ2 , 2 ) Nd� −
∫ 
∂�

(C�i R , 1 ) Nd�

Now, for the local stiffness matrices and forcing vectors for each⎡ 

⎢ ⎢ ⎣ 

K 

11 
11 K 

11 
12 K 

11 
13 K 

11 
14 

K 

11 
21 K 

11 
22 K 

11 
23 K 

11 
24 

K 

11 
31 K 

11 
32 K 

11 
33 K 

11 
34 

K 

11 
41 K 

11 
42 K 

11 
43 K 

11 
44 

⎤ 

⎥ ⎥ ⎦ 

Local 

⎡ 

⎢ ⎢ ⎣ 

χ1 
1 

χ2 
1 

χ3 
1 

χ4 
1 

⎤ 

⎥ ⎥ ⎦ 

Local 

= 

⎡ 

⎢ ⎢ ⎣ 

F 1 1 

F 1 2 

F 1 3 

F 1 4 

⎤ 

⎥ ⎥ ⎦ 

Local 

, 

where [
K 

11 
i j 

]
= 

∫ 
�

(λ�i, 1 � j, 2 D 0 F 0 + λ�i, 2 � j, 1 F 0 D 0 − μ�i, 2 � j, 2 − λ�i, 2 � j,

and 

{ F 1 i } = 

∫ 
∂�

μw i χ1 , 2 Nd� −
∫ 
∂�

Cw i Q , 1 Nd� + 

∫ 
∂�

λw i χ1 , 2 D 0 D 0 Nd� + 2

+2 

∫ 
∂�

λw i E 0 χ2 , 1 D 0 Nd� −
∫ 
∂�

λw i χ1 , 2 D 0 F 0 Nd� −
∫ 
∂�

λw i C 0 χ

−
∫ 
∂�

λw i E 0 D 0 χ2 , 2 Nd� −
∫ 
∂�

λw i C 0 F 0 χ2 , 1 Nd� −
∫ 
∂�

λw i χ1 , 1 F 0

Thus, the unknowns (i.e. χ1 , χ2 , Q , R, C, D, E, F , A and B ) can be exp

Q i = { χ i 
1 } , 11 , R i = { χ i 

2 } , 11 , S i = { Q 

i } , 11 etc..., 

and so on for the rest of the unknowns. 

Consequently, we obtain the following systems of equations (in ⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

[
K 

11 
] [

K 

12 
] [

K 

13 
] [

K 

14 
] [

K 

15 
] [

K 

16 
] [

K 

17 
]

[ K 

21 ] [ K 

22 ] 
[
K 

23 
] [

K 

24 
] [

K 

25 
] [

K 

26 
] [
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