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a b s t r a c t 

A model for the mechanics of an elastic solid, reinforced with bidirectional fibers is pre- 

sented in finite plane elastostatics. The fiber’s resistance to stretch and flexure are ac- 

counted for with variational computations of first and second gradient of deformations, 

respectively. Within the framework of strain-gradient elasticity, the Euler equation and 

necessary boundary conditions are formulated. A rigorous derivation of the corresponding 

linear theory is also developed from which, a complete analytical solution is obtained for 

small deformations superposed on large. In particular, we assimilate plane bias extension 

test results indicating that the proposed model successfully predicts smooth transitions 

of shear strain fields unlike those depicted by the first gradient theory where significant 

discontinuities are present. The proposed model can serve as an alternative 2D Cosserat 

theory of non-linear elasticity. 

© 2018 Elsevier Ltd. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

Mechanics of materials with distinct microstructures have consistently been the subject of intense study ( Pipkin, 1979;

Spencer, 1972 ) due to their practical importance in materials science and engineering. It is widely believed that the mi-

crostructure of materials, in general, governs the overall mechanical responses ( Hahm & Khang, 2010; Monecke, 1989;

Moravec & Holecek, 2010; Voigt, 1887 ). Fiber-reinforced composites are a particular case of such materials where fibers,

as the microstructure of the composite, are embedded in a matrix material. In practice, these fibers are often presumed

to be densely distributed so as to render the idealization of continuous distribution which further leads to the continuum

description of fiber-composites via a homogenization procedure. Within this setting, the composites can be regarded as a

special type of anisotropic materials where the response function depends on the first gradient of deformations, typically

augmented by the constraints of bulk compressibility or fiber inextensibility. In the latter case, the resulting prediction mod-

els are often so constrained that the corresponding deformation fields are essentially kinematically determinate, particularly

that arise in fibers ( Mulhern, Rogers, & Spencer, 1969; Pipkin & Rogers, 1971 ). Nonetheless, continuum-based approaches

were used widely in the analysis of the mechanics of composite materials for their advantage in the continuum descriptions

and the associated mathematical frame work (see, for example, ( Mulhern, Rogers, & Spencer, 1967; 1969; Munch, Neff, &

Wagner, 2011 ) and references therein). 

The continuum theory, which accounts for the microstructural effects of fibers on elastic materials, has gained renewed

attention in recent years ( Spencer & Soldatos, 2007; Steigmann, 2012; Steigmann & dell’Isola, 2015 ). This includes the
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“refinement” of the first-order continuum theory by considering the higher gradient of deformations in an effort to achieve

a more detailed characterization of the continua with microstructures. In the case of fiber composites, this means the in-

corporation of the bending resistance of the fibers into the models of deformations. This is framed in the setting of the

nonlinear strain-gradient theory ( Koiter, 1964; Toupin, 1964; Truesdell & Noll, 1965 ) of anisotropic elasticity where the

fibers’ bending resistance is assigned to the changes in curvature (flexure) of fibers explicitly ( Spencer & Soldatos, 2007 ).

The latter is obtained via the computation of the second gradient of deformations in which the fibers are regarded as con-

tinuous curves, defined in convected coordinates. Current applications of the general theory are discussed in Maugin and

Metrikine (2010) ; Munch et al. (2011) ; Neff (2006b) ; Park and Lakes (1987) , and mathematical aspects of the subject are

presented in Fried and Gurtin (2009) ; Neff (2006a) ; Park and Gao (2008) . A theory for an elastic solid with fiber’s resistant

to flexure, stretch and twist is developed in Steigmann (2012) under the simplified setting of the constraint Cosserat theory.

In addition, authors in dell’Isola, Cuomo, Greco, and Della Corte (2017) ; dell’Isola, Della Corte, Greco, and Luongo (2016) ;

Turco (2016) discussed second-gradient theory of elasticity for the mechanics of meshed structures and examined shear

strain distributions of the meshed structure subjected to the plane bias extension. To this end, authors in Zeidi and Kim

(2017a, 2017b, 2018) presented the continuum formulation of fiber-reinforced composites where the bending resistance of 

fibers is accounted for via the second gradient of deformations. However, the majority of the aforementioned studies were

limited in scope, insofar as they considered either inextensible fibers or single family of fibers. Moreover, although recent

studies ( Cuomo, dell’Isola, & Greco, 2016; dell’Isola et al., 2017; dell’Isola et al., 2016; 2016 ) reveal that the second-gradient

theory accurately predicts the smooth transitions of shear strain fields of meshed structures undergoing bias extensions,

compatible results in the case of general fiber composites remain absent from the literature. 

In the present work, we develop a continuum model which describes the mechanical responses of an elastic solid re-

inforced with bidirectional fibers and subjected to finite plane deformations. Thus, it is assumed that the fiber’s directors

remain in a plane, with no out-of-plane components and that the corresponding deformations and material parameters are

independent of the out-of-plane coordinate. The bidirectional fibers are treated as continuously distributed spatial rods of

Kirchhoff type such that the kinematics are defined by their position and director fields ( Antman, 2005; Dill, 1992; Landau

& Lifshitz, 1986 ). Within this prescription, we propose an energy functional that can accommodate fibers resistant to flexure

and extension, and construct the constitutive relations by applying the variational principle on the first and second gradient

of deformations, respectively. The corresponding Euler equilibrium equation is also derived by virtue of the virtual work

statement. With the Euler equation satisfied, we present a rigorous derivation of the necessary boundary conditions in the

case of bidirectional fibers. We then consider a special case of a Neo–Hookian material, reinforced with bidirectional fibers,

and subsequently formulate systems of coupled Partial Differential Equations (PDEs) describing the deformations of fiber

composites. The solutions of the resulting PDEs are obtained via the Finite Element Analysis (FEA), which demonstrate ex-

cellent correspondence with existing theoretical and experimental results (see, for example, ( dell’Isola et al., 2017; dell’Isola

et al., 2016; Dong & Davies, 2015 )). 

More importantly, the proposed model assimilates, in the case of bidirectional fiber composites, the plane bias extension

test and successfully predicts the smooth transitions of the corresponding shear strain fields, as opposed to the first-gradient

theory, where the resulting shear strain appears to be discontinued. In addition, we develop a compatible linear theory

within the description of superposed incremental deformations ( Ogden, 1984 ). By employing adapted iterative reduction

and eigenfunction expansion methods ( Huang & Zhang, 2002; Read, 1993; 1996 ), a complete analytical solution is obtained,

which describes the responses of a bidirectional composite subjected to flexure and extension. The analytical solution is

smooth and stable within the entire domain of interest and demonstrates good agreement with the experiment ( Dong &

Davies, 2015 ) and FEA results for small deformations superposed on large. Lastly, we note here that the proposed model can

serve as an alternative 2D Cosserat theory of nonlinear elasticity ( Pietraszkiewicz & Eremeyev, 2009; Reissner, 1987; Toupin,

1964; Truesdell & Noll, 1965 ). 

Throughout the paper, we make use of a number of well-established symbols and conventions such as A 

T , A 

−1 , A 

∗ and

tr ( A ). These are the transpose, the inverse, the cofactor and the trace of a tensor A , respectively. The tensor product of vectors

is indicated by interposing the symbol �, and the Euclidian inner product of tensors A, B is defined by A · B = tr( AB 

T ) ; the

associated norm is | A | = 

√ 

A · A . The symbol | ∗| is also used to denote the usual Euclidian norm of three-vectors. Latin and

Greek indices take values in {1, 2} and, when repeated, are summed over their ranges. Lastly, the notation F A stands for the

tensor-valued derivatives of a scalar-valued function F ( A ). 

2. Kinematics and equilibrium equations 

Let L and M be the unit tangent to the fiber’s trajectory in the reference configuration and l and m are their counterparts

in the deformed configuration. The orientations of particular bidirectional fibers are then given by 

λ = | η| = 

ds 

dS 
, μ = | τ | = 

du 

dU 

and l = ηλ−1 , m = τγ −1 , (1) 

where 

FL = λl and FM = γ m , (2) 

and F is the gradient of the deformation function ( χ( X )). Eq. (2) can be derived by taking the derivative of r (s (S)) = χ(X (S)) ,

with respect to arclength parameters, S , and ultimately, s , upon making the identifications L = 

dX 
dS 

and l = 

dχ
ds 

and similarly
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for M (i.e. M = 

dX 
dU 

and m = 

dχ
du 

). Here, d (∗) 
dS 

, 
d (∗) 
dU 

and 

d (∗) 
ds 

, 
d (∗) 
du 

refer to the arclength derivatives of ( ∗) along the fibers’

directions in the reference and deformed configurations, respectively. In the present study, we limit our attention to the

case of initially orthogonal fibers: 

M · L = 0 . (3)

We note here that initially non-orthogonal fibers can be accommodated by setting M · L = cos δ (see, for example,

( Steigmann & dell’Isola, 2015 )) which is beyond the scope of this paper. Combining Eqs. (2) and (3) furnishes a useful fiber

decomposition of the deformation gradient that 

F = λl � L + γ m � M . (4)

Therefore we have, for example, L = L A E A and l = l i e i to yield 

λl i = F iA L A , (5)

where { E A }, { e i } are orthonormal bases in the reference and deformed configurations. Further, the expressions for geodesic

curvatures of a parametric curve ( r ( s, u )) can be obtained from Eq. (2) that 

g 1 = 

d 2 r ( S ) 

dS 2 
= 

d( r ( S ) 
dS 

) 

dS 
= 

∂( FL ) 

∂X 

dX 

dS 
= ∇[ FL ] L , (6)

and 

g 2 = 

d 2 r ( U ) 

dU 

2 
= 

d( r ( U ) 
dU 

) 

dU 

= 

∂( FM ) 

∂X 

dX 

dU 

= ∇[ FM ] M . (7)

In general, most of the fibers are straight prior to deformations. Even slightly curved fibers can be idealized as ‘fairly straight’

fibers, considering their length scales with respect to that of matrix materials. This suggests that the gradients of unit

tangents in the reference configuration are vanishes identically (i.e. ∇ L = ∇ M = 0 ). Accordingly, Eqs. (6) and (7) become 

g 1 = ∇ F (L � L ) and g 2 = ∇F (M � M ) . (8)

We now introduce the convention of the second gradient of deformations as 

∇ F ≡ G , (9)

where the compatibility condition of G is given by 

G iAB = F iA,B = F iB,A = G iBA . (10)

Thus, 

g 1 = G (L � L ) = g 1 (G ) and g 2 = G (M � M ) = g 2 (G ) . (11)

The forgoing developments suggest that the mechanical responses of fiber-matrix systems can be described by the following

energy function: 

W (F , G ) = 

̂ W (F ) + W (G ) , W (G ) ≡ 1 

2 

C 1 ( F ) | g 1 | 2 + 

1 

2 

C 2 ( F ) | g 2 | 2 , (12)

where C i ( F ) refers to the material property of fibers which are, in general, independent of the deformation gradient (i.e.

 i (F ) = C i ). Eq. (12) presumes that fiber’s bending energy is solely accounted for by the second gradient of deformations, G ,

as depicted in Eq. (11) . This concept has been widely and successfully adopted in the relevant subjects of studies (see, for

example, Spencer and Soldatos (2007) and Steigmann and dell’Isola (2015) ). To accommodate fibers resistant to extension,

we compute their strains as 

ε 1 = 

1 

2 

(
λ2 − 1 

)
= 

1 

2 

[ (F T F ) · L � L −1] , (13)

and 

ε 2 = 

1 

2 

(
γ 2 − 1 

)
= 

1 

2 

[ (F T F ) · M � M −1] , (14)

where, the expressions of λ2 and μ2 are obtained from Eqs. (2) and (3) that 

λ2 = FL · FL = F T FL · L = (F T F ) · L � L , (15)

and similarly for 

γ 2 = (F T F ) · M � M . (16)

It is clear from Eqs. (13) and (14) that the fibers’ extensions are F dependent. Hence, ̂ W ( F ) is required to be a function of

strain parameters (i.e. ε 1 and ε ) for extensible fibers as ̂ W ( F ) = W ( I, ε 1 , ε 2 ) , (17)
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where I = trC and C = F T F is the right Cauchy–Green deformation tensor, which is also dependent on F . Consequently, the

response function (12) can be expressed in the following explicit form 

̂ W (F ) + W (G ) = W ( I, ε 1 , ε 2 , g 1 , g 2 ) = W ( I, ε 1 , ε 2 ) + 

1 

2 

C 1 | g 1 | 2 + 

1 

2 

C 2 | g 2 | 2 . (18)

For use in the Euler equations and natural boundary conditions, we evaluate the induced energy variation of the response

function using chain rule, 

∂W 

∂F iA 
˙ F iA + 

∂W 

∂G iAB 

˙ G iAB = 

˙ W . (19) 

In the above, the superposed dot refers to derivatives with respect to a parameter ε at a fixed value (e.g. ε = 0 at equilib-

rium) that labels a one-parameter family of deformations. Accordingly, from (18) , we obtain 

˙ W = 

˙ W (I, ε 1 , ε 2 , g 1 , g 2 ) = W I ̇
 I + W ε 1 ˙ ε 1 + W ε 2 ˙ ε 2 + W g 1 · ˙ g 1 + W g 2 · ˙ g 2 , (20)

in which we have used the fact that W depends on the deformation through I , ε 1 , ε 2 , g 1 , g 2 and ultimately F and G . The

required expressions can be equated in terms of F such that 

˙ I = [ tr(C ) ̇ ] = ( I · C ̇

 ) = I · ˙ C = 2 F · ˙ F (21) 

Further, Eq. (15) yields 

˙ ε 1 = 

˙ λλ = FL · ˙ F L = tr( FL � ˙ F L ) = tr(( FL � L ) ̇ F 
T 
) = FL � L · ˙ F . (22) 

and similarly for 

˙ ε 2 = ˙ γ γ = FM � M · ˙ F . (23) 

In particular, the variational derivative with respect to the second gradient of deformations is equivalent to (see, Eq. (12) ) 

˙ W (G ) = W G · ˙ G = C 1 g 1 · ˙ g 1 + C 2 g 2 · ˙ g 2 , (24) 

where, in the case of initially straight fibers (i.e. ˙ L = 

˙ M = 0 ), from Eq. (11) , 
·

g 1 = 

·
G (L � L ) and 

·
g 2 = 

·
G (M � M ) . Therefore, the

above can be rewritten as 

W G ·
·
G = 

·
G · (C 1 g 1 � L � L + C 2 g 2 �M � M ) . (25) 

Finally, by comparing both sides of Eq. (25) , we derive 

∂W 

∂G iAB 

= C 1 (g 1 ) i L A L B + C 2 (g 2 ) i M A M B . (26)

The constraint of bulk incompressibility can be accommodated via the following form of an augmented energy potential:

U(I, ε 1 , ε 2 , g 1 , g 2 ) = W (I, ε 1 , ε 2 , g 1 , g 2 ) − p(J − 1) , (27)

where J is determinant of F and p is a Lagrange-multiplier field. Since 
·
J = 

∂ J 
∂F 

·
·
F = J 

(
F −1 

)T ·
·
F = F ∗ ·

·
F , Eqs. (21), (23) and

(27) furnish 

·
U = 2 W I F ·

·
F + W ε 1 FL � L ·

·
F + W ε 2 FM � M ·

·
F − pF ∗ ·

·
F + C 1 g 1 ·

·
g 1 + C 2 g 2 ·

·
g 2 . (28)

But from (24) and (25) , the above reduces to 

·
U = (2 W I F + W ε 1 FL � L + W ε 2 FM � M − pF ∗) ·

·
F + W G ·

·
G , (29)

or, equivalently, 

·
U = (2 W I F iA + W ε 1 F iB L A L B + W ε 2 F iB M A M B − pF ∗iA ) ̇ F iA + 

∂W 

∂G iAB 

˙ G iAB . 

Eq. (29) reflects the fact that the mechanical responses of the matrix material and fibers’ stretch are associated with the

first gradient, F , albeit the bending resistance of the fibers is accommodated by the second gradient, G (see, also, Spencer &

Soldatos (2007) ). 
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3. Equilibrium 

The derivation of the Euler equation and boundary conditions arising in second-gradient elasticity are well studied

( Germain, 1973; Koiter, 1964; Mindlin & Tiersten, 1962; Toupin, 1964 ). We reformulate the results in the present context

for the sake of clarity and completeness. The weak form of the equilibrium equations is given by the virtual-work state-

ment, 

·
E = P, (30)

where the superposed dot refers to the variational and/or Gateâux derivative, 

E = 

∫ 



U ( F , G ) dA (31)

is the strain energy and P is the virtual power of the applied loads. In the above, the conservative loads are characterized by

the existence of a potential L such that P = 

·
L . Therefore, the problem of determining equilibrium deformations is reduced,

in the present case, to the problem of minimizing the potential energy, E − L . Accordingly, we have 

·
E = 

∫ 



·
U ( F , G ) dA, (32)

where the expression of 
·

U is given by (29) . From Eq. (10) , the energy variation with respect to the second gradient of

deformations (i.e. ˙ W (G ) = W G ·
·
G ) can be rewritten as 

W G ·
·
G = 

∂W 

∂G iAB 

·
G iAB = 

∂W 

∂G iAB 

·
F iA,B = 

∂W 

∂G iAB 

u i,AB , (33)

and 

∂W 

∂G iAB 

u i,AB = 

(
∂W 

∂G iAB 

u i,A 

)
,B 

−
(

∂W 

∂G iAB 

)
,B 

u i,A , (34)

where u i = 

·
χ i is the variation of the position field. Substituting Eqs. (29) and (34) into the Eq. (32) yields 

·
E = 

∫ 



[(2 W I F iA + W ε 1 F iB L A L B + W ε 2 F iB M A M B − pF ∗iA ) u i,A + 

(
∂W 

∂G iAB 

u i,A 

)
,B 

−
(

∂W 

∂G iAB 

)
,B 

u i,A ] d A . (35)

Thus, we obtain 

·
E = 

∫ 



[2 W I F iA + W ε 1 F iB L A L B + W ε 2 F iB M A M B − pF ∗iA −
(

∂W 

∂G iAB 

)
,B 

] u i,A dA + 

∫ 
∂


∂W 

∂G iAB 

u i,A N B dS, (36)

where N is the rightward unit normal to ∂
 in the sense of Green–Stokes theorem. Further, for initially straight fibers (i.e.
˙ L = 

˙ M = 0 ), Div ( W G ) reduces to 

Di v (W G ) = C 1 (g 1 ) i,B L A L B (e i �E A ) + C 2 (g 2 ) i,B M A M B (e i �E A ) 

= [ C 1 (g 1 ) i,B L A L B + C 2 g 
2 
i,B M A M B ](e i �E A ) , 

∵ 

(
∂W 

∂G iAB 

)
,B 

= C 1 (g 1 ) i,B L A L B + C 2 g 
2 
i,B M A M B . (37)

Consequently, Eq. 36 furnishes 

·
E = 

∫ 



P iA ˙ F iA dA + 

∫ 
∂


∂W 

∂G iAB 

˙ F iA N B dS, (38)

where 

P iA = 2 W I F iA + W ε 1 F iB L A L B + W ε 2 F iB M A M B − pF ∗iA − C 1 (g 1 ) i,B L A L B − C 2 (g 2 ) i,B M A M B , (39)

and hence the Euler equation is obtained by 

P iA,A = 0 or Di v (P ) = 0 (40)

which holds in 
. 
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3.1. Example: Neo–Hookean type materials 

In the case of incompressible neoHookean-type materials, the energy density function is given by 

W 

1 (I) = μ(I − 3) , (41) 

Further, in order to accommodate fiber’s resistance to extension, we propose the following augmented energy potential of

quadratic form 

W 

2 (ε 1 , ε 2 ) = E 1 
1 

2 

ε 2 1 + E 2 
1 

2 

ε 2 2 , (42) 

where E i are the elastic modulus of fibers (extension). Combining Eqs. (41) and (42) yields 

W (I, ε 1 , ε 2 ) = W 

1 (I) + W 

2 (ε 1 , ε 2 ) = μ(I − 3) + E 1 
1 

2 

ε 2 1 + E 2 
1 

2 

ε 2 2 . (43)

We now substitute the above into Eq. (18) and thereby obtain 

W ( I, ε 1 , ε 2 , g 1 , g 2 ) = W (I, ε 1 , ε 2 ) + W (G ) = μ(I − 3) + 

1 

2 

E 1 ε 
2 
1 + 

1 

2 

E 2 ε 
2 
2 + 

1 

2 

C 1 | g 1 | 2 + 

1 

2 

C 2 | g 2 | 2 , (44)

where μ and C i are the material constant of the matrix and fibers (flexure), respectively. Also, the required expressions are

computed via Eqs. (13), (14) and (41) , so that 

W I = μ, W ε 1 = E 1 ε 1 = 

1 

2 

E 1 ( FL · FL − 1 ) and W ε 2 = E 2 ε 2 = 

1 

2 

E 2 ( FM · FM − 1 ) . (45)

Thus, Eq. (39) becomes 

P iA = 2 μF iA + 

E 1 
2 

(F jC F jD L C L D − 1) F iB L A L B + 

E 2 
2 

(F jC F jD M C M D − 1) F iB M A M B 

−pF ∗iA − C 1 (g 1 ) i,B L A L B − C 2 (g 2 ) i,B M A M B , (46) 

and the corresponding Euler equation is formulated as 

P iA,A = 0 = 2 μF iA,A − pF ∗iA + 

E 1 
2 

(F iB,A F jC F jD + F iB F jC,A F jD + F iB F jC F jD,A ) L A L B L C L D 

+ 

E 2 
2 

(F iB,A F jC F jD + F iB F jC,A F jD + F iB F jC F jD,A ) M A M B M C M D 

−E 1 
2 

F iB,A L A L B −
E 2 
2 

F iB,A M A M B − C 1 (g 1 ) i,AB L A L B − C 2 (g 2 ) i,AB M A M B , (47) 

where F ∗
iA,A 

= 0 (Piola’s identity). 

Let us now consider a fiber-reinforced material that consists of initially an orthonormal set of fibers, 

L = E 1 , L 1 = 1 , L 2 = 0 , M = E 2 , M 1 = 0 , M 2 = 1 , (48)

and is subjected to finite plane deformations. Accordingly, Eq. (47) reduces to 

P iA,A = 0 = 2 μF iA,A − pF ∗iA + 

E 1 
2 

(F i 1 , 1 F j1 F j1 + F i 1 F j1 , 1 F j1 + F i 1 F j1 F j1 , 1 ) 

+ 

E 2 
2 

(F i 2 , 2 F j2 F j2 + F i 2 F j2 , 2 F j2 + F i 2 F j2 F j2 , 2 ) 

−E 1 
2 

F i 1 , 1 −
E 2 
2 

F i 2 , 2 − C 1 (g 1 ) i, 11 − C 2 (g 2 ) i, 22 , (49) 

where 

(g 1 ) i = F i 1 , 1 , (g 2 ) i = F i 2 , 2 , F iA = 

∂χi 

∂X A 

, F ∗iA = ε i j ε AB F jB , (50)

and εij is the 2-D permutation, ε 12 = −ε 21 = 1 , ε 11 = −ε 22 = 0 . Consequently, from Eqs. (49) and (50) together with the

constraint of the bulk incompressibility ( det F = 1 ), we obtain the following coupled PDE system, solving for χ1 , χ2 and p

as 

0 = 2 μ( χ1 , 11 + χ1 , 22 ) − p , 1 χ2 , 2 + p , 2 χ2 , 1 − E 1 
2 

χ1 , 11 − E 2 
2 

χ1 , 22 

+ 

E 1 
2 

(3 χ1 , 11 χ1 , 1 χ1 , 1 + χ1 , 11 χ2 , 1 χ2 , 1 + 2 χ2 , 11 χ1 , 1 χ2 , 1 ) 

+ 

E 2 
2 

(3 χ1 , 22 χ1 , 2 χ1 , 2 + χ1 , 22 χ2 , 2 χ2 , 2 + 2 χ2 , 22 χ1 , 2 χ2 , 2 ) − C 1 χ1 , 1111 − C 2 χ1 , 2222 

0 = 2 μ( χ2 , 11 + χ2 , 22 ) + p , 1 χ1 , 2 − p , 2 χ1 , 1 − E 1 χ2 , 11 − E 2 χ2 , 22 

2 2 
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+ 

E 1 
2 

(3 χ2 , 11 χ2 , 1 χ2 , 1 + χ2 , 11 χ1 , 1 χ1 , 1 + 2 χ1 , 11 χ1 , 1 χ2 , 1 ) 

+ 

E 2 
2 

(3 χ2 , 22 χ2 , 2 χ2 , 2 + χ2 , 22 χ1 , 2 χ1 , 2 + 2 χ1 , 22 χ1 , 2 χ2 , 2 ) − C 1 χ2 , 1111 − C 2 χ2 , 2222 

1 = χ1 , 1 χ2 , 2 − χ1 , 2 χ2 , 1 . (51)

4. Boundary conditions 

Writing P iA u i,A = (P iA u i ) ,A − P iA,A u i , we have from Eq. (38) that 

˙ E = 

∫ 
∂


P iA u i N A dS −
∫ 



P iA,A u i dA + 

∫ 
∂


(
∂W 

∂G iAB 

u i,A 

)
N B dS, (52)

where the Green-Stoke’s theorem is applied in the first term of Eq. (52) . Since the Euler equation, P iA,A = 0 holds in 
, the

above reduces to 

˙ E = 

∫ 
∂


P iA u i N A d S + 

∫ 
∂


(
∂W 

∂G iAB 

u i,A 

)
N B d S. (53)

In addition, ∇u can be projected onto normal and tangential directions as 

∇ u = ∇ u (T � T )+ ∇ u (N � N ) = u 

′ 
�T + u , N �N , (54)

where u 

′ 
and u , N are the tangential and normal derivatives of u on ∂
 (i.e. u 

′ 
i 
= u i,A T A , u i,N = u i,A N A ) and T = X 

′ 
( S ) = k × N

is the unit tangent to ∂
, respectively. Hence Eq. (53) becomes 

˙ E = 

∫ 
∂


P iA u i N A dS + 

∫ 
∂


∂W 

∂G iAB 

(
u 

′ 
i T A N B + u i,N N A N B 

)
dS. (55)

By decomposing the second term of Eq. (55) as in Eq. (34) , we obtain 

∂W 

∂G iAB 

T A N B u 

′ 
i = 

(
∂W 

∂G iAB 

T A N B u i 

)′ 

−
(

∂W 

∂G iAB 

T A N B 

)′ 

u i , (56)

and therefore, 

˙ E = 

∫ 
∂


[ P iA N A −
(

∂W 

∂G iAB 

T A N B 

)′ 

] u i d S + 

∫ 
∂


∂W 

∂G iAB 

u i,N N A N B d S + 

∫ 
∂


(
∂W 

∂G iAB 

T A N B u i 

)′ 

d S. (57)

From Eq. (25) (i.e. ∂W 

∂G iAB 
= C 1 (g 1 ) i L A L B + C 2 (g 2 ) i M A M B ), Eq. (57) can be rewritten as 

˙ E = 

∫ 
∂


[ P iA N A −
(
C 1 g 

1 
i L A T A L B N B + C 2 g 

2 
i M A T A M B N B 

)′ 
] u i dS 

+ 

∫ 
∂


(C 1 (g 1 ) i L A N A L B N B + C 2 (g 2 ) i M A N A M B N B ) u i,N dS 

−
∑ ‖ 

(C 1 (g 1 ) i L A T A L B N B + C 2 (g 2 ) i M A T A M B N B ) u i ‖ 

, (58)

where the double bar symbol refers to the jump across the discontinuities on the boundary, ∂
 (i.e. ‖ ∗‖ = ( ∗) + − ( ∗) −),

and the sum refers to the collection of all discontinuities. It is concluded from (30) that admissible powers are of the form

P = 

∫ 
∂w t 

t i u i dS + 

∫ 
∂w 

m i u i,N dS + 

∑ 

f i u i . (59)

Therefore, by comparing (58) and (59) , we obtain 

t i = P iA N A −
d 

dS 
[ C 1 (g 1 ) i L A T A L B N B + C 2 (g 2 ) i M A T A M B N B ] , 

m i = C 1 (g 1 ) i L A N A L B N B + C 2 (g 2 ) i M A N A M B N B , 

f i = C 1 (g 1 ) i L A T A L B N B + C 2 (g 2 ) i M A T A M B N B , (60)

which are the expressions of edge tractions, edge moments and corner forces, respectively. For example, if the fiber’s di-

rections are either normal or tangential to the boundary (i.e. ( L · T )( L · N ) = 0 and ( M · T )( M · N ) = 0 ), (60) further reduces

to 

t i = P iA N A , 

m i = C 1 (g 1 ) i L A N A L B N B + C 2 (g 2 ) i M A N A M B N B , 

f = 0 , (61)
i 
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Fig. 1. Schematic of problem. 

Fig. 2. Deformation contour ( 
√ 

χ2 
1 

+ χ2 
2 
) with respect to C 1 /μ, when P 11 /μ = 50 , C 2 /μ = 150 and E 2 /μ = 135. 

 

 

 

 

 

 

 

 

 

 

 

 

 

where 

P iA = 2 W I F iA + W ε 1 F iB L A L B + W ε 2 F iB M A M B − pF ∗iA − C 1 (g 1 ) i,B L A L B − C 2 (g 2 ) i,B M A M B , 

(g 1 ) i = F iA,B L A L B and (g 2 ) i = F iA,B M A M B . (62) 

Finally, by imposing the admissible boundary conditions, ( Eq. 61 ), solutions of the PDE system ( Eq. 51 ) can be obtained

via commercial packages (e.g. Matlab, COMSOL etc...). For the sake of coherence, details regarding Finite Element Analysis

(FEA) formulations are reserved in the appendix. In the simulations, we consider the case where an elastic solid is rein-

forced with bidirectional fibers and subjected to finite plane deformations (either axial stretch or bending is considered),

as illustrated in Fig. 1 . It is also noted here that data are obtained under the normalized setting (e.g. 
C 1 
μ = 150 , 

E 1 
μ = 100 ,

M 

μ = 5[ L ] 3 , etc...). 

Figs. 2–4 illustrate the fiber composite’s deformations under the axial tension. From Eqs. (46) and (61) , the expression of

the applied load P 11 is obtained as 

P 11 = 2 μχ1 , 1 + 

E 1 
2 

(χ1 , 1 χ1 , 1 + χ2 , 1 χ2 , 1 − 1) χ1 , 1 − pχ2 , 2 − C 1 χ1 , 111 . (63) 

It is clear from Figs. 2–4 that the axial extension is sensitive to the fibers’ elastic resistance along the lateral direction. More

precisely, the net amount of axial extension decreases with increasing values of C 1 , E 1 , C 2 and E 2 . In particular, we assimilate

the plane bias extension test in order to examine the effects of second-gradients of deformations onto the shear responses

of the bidirectional fiber composites. The corresponding shear strains are computed via the relation φ′ = 

u ′′ 
2 
(1+ u ′ 

1 
) −u ′ 

2 
u ′′ 

1 

u ′ 2 
2 

+(1+ u ′ 
1 
) 2 

,

where φ′ is the rate of shear angle change. (see, ( Dell’Isola, Giorgio, Pawlikowski, & Rizzi, 2016 )). The results in Figs. 3 and

4 clearly indicate that the proposed model successfully predicts the smooth transitions of the shear strain fields, unlike

those described by the first-order theory where a significant discontinuity is present ( Fig. 5 : left). The compatible results,
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Fig. 3. Shear strain contour with respect to C 1 /μ when P 11 /μ = 50 , C 2 /μ = 150 and E 2 /μ = 135. 

Fig. 4. Shear strain contour with respect to C 2 /μ when P 11 /μ = 50 , C 1 /μ = 1500 and E 2 /μ = 1350. 

 

 

 

 

 

 

 

in cases of meshed structures, can be found in the work of dell’Isola et al. (2017 , 2016) , which also demonstrate a close

agreement with the presented results (see, for example, Fig. 14 in dell’Isola et al. (2016) ). 

In order to examine fibers’ reinforcing effects against to flexure, we also consider a rectangular fiber composite where

one end is fixed and the other end is subjected to constant bending moment. The corresponding boundary conditions are

imposed as, χ1 , 11 = −M/μ, χ2 , 11 = 0 , χ2 = 0 and χ1 = 0 at x = 0 , and χ1 , 11 = −M/μ, χ2 , 11 = 0 , χ2 , 1 = 0 and χ1 , 1 = 0 at

x = c. For the upper ( y = d) and bottom ( y = −d) faces, compatible boundary conditions are prescribed where we impose

zero moment (i.e. χ2 , 22 = 0 on the designated boundary). The resulting deformed profiles and contours demonstrate smooth

transitions as they approach the boundary (see, Figs. 6 and 7 ). Further, Fig. 6 illustrates that the magnitude of deformation

decreases as the fiber’s bending stiffness increases. 
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Fig. 5. Shear strain contour: 1st gradient (left) VS 2rd gradient (right). 

Fig. 6. Deformed configurations with respect to C 1 / μ when M / μ = 80. 

Fig. 7. Deformation contour ( 
√ 

χ2 
1 

+ χ2 
2 
) when M/μ = 60 . 
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Fig. 8. CNC fiber composite bending test (2.55 mm and 3 mm) and theoretical predictions. 

Fig. 9. Experimental setting: nylon-6 fiber neoprene rubber composite. 

 

 

 

 

 

 

Comparisons with experimental results are successively performed to determine the accuracy and utility of the proposed

model. Three sets of experiments are designed for the purpose: two from inhouse experimental settings and the other

from the work of Dong. For the inhouse experiments, we considered a 3 point bending test of a crystalline nanocellulose

(CNC) fiber composite ( C 1 = 150 GPa, E 1 = 135 GP a, μ = 1 GP a ), and an impact bending test of a Nylon-6 Fiber Neoprene Rub-

ber Composite ( C 1 = 20 0 0 Mpa, E 1 = 130 0 M pa, μ = 2 M pa ). In the tests, the out-of-plane direction ( x 3 ) is aligned with the

loading cylinder and/or line of impact (see, Figs. 8 and 9 ). These are special cases of the proposed model, when c � d with
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Fig. 10. Deformation profiles: theoretical predictions VS experimental results. 

Fig. 11. Strain-stress curve: carbon-glass fiber composite. 

 

 

 

 

 

 

 

 

 

 

 

 

vanishing C 2 / μ and E 2 / μ (see, Fig. 9 ). The solutions from our model successfully predict the deformations of both the CNC

composites and the Nylon-6 Fiber Neoprene Rubber Composite with a maximum error of less than 3% ( Figs. 8 –10 . 

In regard to the bending test of the bidirectional fiber composite reinforced with E glass and T700S carbon fibers ( C 1 =
carbon = 4900 MPa, C 2 = glass = 2240 MPa ), we took the experimental results from the work of Dong and Davies ( Dong and

Davies (2015) ; Fig. 2 and Table 2). It is clear from Fig. 11 that predictions from the proposed model demonstrate a close

agreement with the experimental data. Further, it is noted here that the compatible linear model, which is developed in the

following section, also produces reasonably accurate result (See, Fig. 11 ; Linear theory: Analytical.). 

The above results, in turn, suggest that the proposed model accurately describes the fiber’s elastic resistance to flex-

ures and extension through the first and second gradients of deformations. Lastly, we mention that the obtained solution

accommodates the results from Zeidi and Kim (2017b) in the limit of vanishing fibers elastic resistance in y direction (i.e

C 2 = 0 , E 2 = 0 ) (See, Fig. 12 ). 

5. Linear theory 

We prescribe superposed “small ” deformations as 

χ = χ o + ε ˙ χ ; | ε| 	 1 , (64) 

where ( ∗) o refers to the configuration of ∗ evaluated at ε = 0 and ( ̇ ∗) = ∂ (∗) /∂ ε. In particular, we denote ˙ χ = u in the

forthcoming derivations, where applicable. Here caution needs to be taken that the present notation is not confused with

the one used for the variational computation. From Eq. (64) , the deformation gradient tensor is obtained by 

F = F o + ε∇u , where ˙ F = ∇u . (65) 

In the analysis, we assume that the body is initially undeformed and stress free (i.e. at ε = 0 , F o = I and P o = 0 ). Hence, Eq.

(65) becomes 

F = I + ε∇ u , (66) 

and successively yields 

F −1 = I − ε∇ u + o(ε) and J = det F = 1 + ε div u + o(ε) . (67) 

Further, in view of Eq. (64) , Eq. (40) can be approximated as 

Di v (P ) = Di v (P o ) + εDi v ( ̇ P ) + o(ε) = 0 . (68)
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Fig. 12. Deformation profiles: proposed model VS Zeidi & Chunil. 2017. 

 

 

 

 

 

 

 

 

 

 

 

Dividing the above by ε and letting ε → 0, we find 

Di v ( ̇ P ) = 0 or ˙ P iA,A = 0 , (69)

which serves as the compatible linearized Euler equation. Now, from Eq. (39) , the induced variation of P with respect to ε
can be evaluated as 

˙ P iA = 2(W II ̇
 I + W Iε 1 ˙ ε 1 + W Iε 2 ˙ ε 2 )(F iA ) o + 2(W I ) o ̇ F iA − ˙ p (F ∗iA ) o − p o ̇ F ∗iA 

+[(W Iε 1 ̇
 I + W ε 1 ε 1 ˙ ε 1 + W ε 1 ε 2 ˙ ε 2 )(F iB ) o + (W ε 1 ) o ̇ F iB − C 1 ( ̇ g 1 ) i,B ] L A L B 

+[(W Iε 2 ̇
 I + W ε 1 ε 2 ˙ ε 1 + W ε 2 ε 2 ˙ ε 2 )(F iB ) o + (W ε 2 ) o ̇ F iB − C 2 ( ̇ g 2 ) i,B ] M A M B . (70)

In the case of Neo–Hookean material ( Eq. (41) ), the above reduces to (e.g. W II = 0 , W Iε 1 
= 0 , W Iε 2 

= 0 etc...) 

˙ P iA = 2 μ ˙ F iA − ˙ p (F ∗iA ) o − p o ̇ F ∗iA + [ E 1 ˙ ε 1 (F iB ) o + E 1 (ε 1 ) o ̇ F iB − C 1 ( ̇ g 1 ) i,B ] L A L B 

+[ E 2 ˙ ε 2 (F iB ) o + E 2 (ε 2 ) o ̇ F iB − C 2 ( ̇ g 2 ) i,B ] M A M B . (71)

Evaluating limits at ε = 0 , we have 

˙ P iA = 2 μ ˙ F iA − ˙ p δiA − p o ̇ F ∗iA + [ E 1 ˙ ε 1 δiB − C 1 ( ̇ g 1 ) i,B ] L A L B 

+[ E 2 ˙ ε 2 δiB − C 2 ( ̇ g 2 ) i,B ] M A M B , (72)

where p o = 2 μ, to recover the initial stress free state at ε = 0 (i.e. P iA = 0 at ε = 0 ). In addition, we approximate the fiber’s

extensions as 

˙ ε 1 = FL � L · ˙ F � L � L · ˙ F = 

˙ F jC L j L C , (73)

and subsequently formulate 

(2 μ ˙ F iA ) ,A = 2 μ ˙ F iA,A , (p o ̇ F ∗iA ) ,A = 0 , ( ˙ p δiA ) ,A = 

˙ p ,i 

(E 1 ˙ ε 1 δiB L A L B ) ,A = (E 1 ˙ ε 1 L i L B ) ,A = E 1 ˙ F jA,B L i L j L A L B , and 

(C 1 ( ̇ g 1 ) i,B L A L B ) ,A = (C 1 ˙ F iC,BD L C L D L A L B ) ,A = C 1 ˙ F iA,BCD L A L B L C L D , (74)

and a similar scheme can be applied for ˙ ε 2 and ( ̇ g 2 ) i . Therefore, from Eqs. (69) and (72) –(74) , the Euler equation for small

deformations is given by 

0 = 

˙ P iA,A = 2 μ ˙ F iA,A − ˙ p ,i + E 1 ˙ F jA,B L i L j L A L B − C 1 ˙ F iA,BCD L A L B L C L D 

+ E 2 ˙ F jA,B M i M j M A M B − C 2 ˙ F iA,BCD M A M B M C M D , (75)

where we make use of the identities, Di v ( ̇ ∗) = Di v (∗ ˙ ) , (p o ) ,A = 0 and ( ̇ g 1 ) i,B = ( ̇ F iC,D L C L D ) ,B = 

˙ F iC,BD L C L D . Alternatively, from

Eq. (67) , the above can be rewritten as 

˙ p ,i = 2 μu i,AA + E 1 u j,AB L i L j L A L B − C 1 u i,ABCD L A L B L C L D 

+ E 2 u j,AB M i M j M A M B − C 2 u i,ABCD M A M B M C M D . (76)
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We note here that the current and deformed configurations are commuted in the case of superposed incremental deforma-

tions (i.e. e α = E α). For an orthonormal family of fibers (i.e. L = E 1 , L 1 = 1 , L 2 = 0 , M = E 2 , M 1 = 0 , M 2 = 1 ), Eq. (76) be-

comes 

˙ p ,i = 2 μu i,AA + E 1 u 1 , 11 δi 1 − C 1 u i, 1111 + E 2 u 2 , 22 δi 2 − C 2 u i, 2222 . (77)

Further, in view of Eqs. (65) –(67) , the condition of bulk incompressibility reduces to 

(J − 1 ̇

 ) = F ∗o · ˙ F = div u = 0 . (78) 

which, together with the Eq. (76) , serves as a compatible form of the equilibrium Eq. (51) for small deformations. Lastly, the

boundary conditions in Eq. (60) can be approximated similarly as in the above (e.g. t = t o + ε 
·
t + o(e ) etc...), 

˙ t i = 

˙ P iA N A −
d 

dS 
[ C 1 ( ̇ g 1 ) i L A T A L B N B + C 2 ( ̇ g 2 ) i M A T A M B N B ] , 

˙ m i = C 1 ( ̇ g 1 ) i L A N A L B N B + C 2 ( ̇ g 2 ) i M A N A M B N B , 

˙ f i = C 1 ( ̇ g 1 ) i L A T A L B N B + C 2 ( ̇ g 2 ) i M A T A M B N B . (79) 

In particular, if the fiber’s directions are either normal or tangential to the boundary (i.e. ( L · T )( L · N ) = 0 and

( M · T )( M · N ) = 0 ), Eq. (79) yields 

˙ t i = 

˙ P iA N A , 

˙ m i = C 1 ( ̇ g 1 ) i L A N A L B N B + C 2 ( ̇ g 2 ) i M A N A M B N B , 

˙ f i = 0 , (80) 

where 

˙ P iA = 2 μ ˙ F iA − ˙ p δiA − p o ̇ F ∗iA + E 1 ˙ F jB L i L j L A L B − C 1 ( ̇ g 1 ) i,B L A L B 

+ E 2 ˙ F jB M i M j M A M B − C 2 ( ̇ g 2 ) i,B M A M B , 

( ̇ g 1 ) i = 

˙ F iC,D L C L D and ( ̇ g 2 ) i = 

˙ F iC,D M C M D . (81) 

Also, since J∂ F ∗
jB 

/∂ F iA = F ∗
jB 

F ∗
iA 

− F ∗
iB 

F ∗
jA 

at ε = 0 , we obtain 

(∂ F ∗jB /∂ F iA ) o = δ jB δiA − δiB δ jA and (F ∗F [ 
·
F ]) jB = (δ jB δiA − δiB δ jA ) u i,A . (82)

Therefore, 

·
F ∗iA = (Di v u ) δiA − u A,i = −u A,i , (83) 

where Di v u = div u = 0 from the linearized incompressibility condition. 

6. Solution to the linearized problem 

We introduce scalar field, φ, as 

u = k × ∇φ, k (unit normal) ; u i = ε λi φ,λ, (84) 

so that Eq. (78) can be automatically satisfied (i.e. φ, 12 − φ, 21 = 0 ). Thus, the linearized Euler equation, Eq. (77) , furnishes 

˙ p ,i = 2 με λi (φ,λ11 + φ,λ22 ) − E 1 φ, 211 δi 1 − C 1 ε λi φ,λ1111 − E 2 φ, 122 δi 2 − C 2 ε λi φ,λ2222 . (85) 

By utilizing the compatibility condition of 
·

p ,i (i.e. 
·

p ,i j = 

·
p , ji ), we obtain the following partial differential equation, solving

for φ, 

2 μ(φ, 1111 + 2 φ, 1122 + φ, 2222 ) − C 1 (φ, 11 + φ, 22 ) , 1111 − C 2 (φ, 11 + φ, 22 ) , 2222 + (E 1 + E 2 ) φ, 1122 = 0 . (86)

The above further reduces to 

�[�φ − α1 φ, 1111 − α2 φ, 2222 ] + (β1 − β2 ) φ, 1122 = 0 , (87) 

where α1 = 

C 1 
2 μ > 0 , α2 = 

C 2 
2 μ > 0 , β1 = 

E 1 
2 μ > 0 and β2 = 

E 2 
2 μ > 0 . We note here that the solution of Eq. (87) is not accom-

modated by the conventional methods such as the Fourier transform or the separation of variables. Instead, we adopt the

methods of iterative reduction and the principle of eigenfunction expansion, and obtain the potential function for φ( x , y ). De-

tails are reserved for the sake of conciseness, but can be found in Huang and Zhang (2002) ; Read (1993, 1996) . Accordingly,

the general solution of Eq. (87) can be obtained as 

φ(x, y ) = 

∞ ∑ 

m =1 

[ { A m 

exp ( xT ) + B m 

exp ( −xT ) + exp (a m 

x )(C m 

cos b m 

x + D m 

sin b m 

x ) + 

exp (−a m 

x )(E m 

cos b m 

x + F m 

sin b m 

x ) } × ( sin my )] , (88) 
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Fig. 13. Deformed configuration under axial loading P 11 / μ = 50. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where 

a m 

= 

√ √ √ √ 

√ (√ 

3 
2 

(
P 
Q 

+ Q 

))2 

+ 

(
− Q 

2 
+ 

P 
2 Q 

− B 
3 A 

)2 + 

(
− Q 

2 
+ 

P 
2 Q 

− B 
3 A 

)
2 

, 

b m 

= 

√ √ √ √ 

√ (√ 

3 
2 

(
P 
Q 

+ Q 

))2 

+ 

(
− Q 

2 
+ 

P 
2 Q 

− B 
3 A 

)2 −
(
− Q 

2 
+ 

P 
2 Q 

− B 
3 A 

)
2 

, 

P = 

C 

3 A 

− B 

2 

9 A 

2 
, T = 

√ 

Q − P 

Q 

− B 

3 A 

, 

Q = 

3 

√ √ √ √ 

( (
C 

3 A 

− B 

2 

9 A 

2 

)3 

+ 

(
B 

3 

27 A 

3 
+ 

D 

2 A 

− B.C 

6 A 

2 

)2 
) 

1 
2 

− B 

3 

27 A 

3 
− D 

2 A 

+ 

BC 

6 A 

2 
, 

and 

m = 

πn 

2 d 
, A = −α1 , B = (1 − m 

2 ) , C = −m 

2 (α2 m 

2 − β1 − β2 + 2) , D = −m 

4 (α2 m 

2 + 1) . (89)

The unknown constant real numbers A m 

, B m 

, C m 

, D m 

, E m 

, and F m 

can be completely determined by imposing admissible

boundary conditions, as depicted in Eqs. (80) –(83) . The analytical solution, φ, is then converted through the mapping,

χ = (X 1 − φ, 2 ) e 1 + (X 2 + φ, 1 ) e 2 , to obtain the complete deformed configurations (see, for example, Fig. 13 ). It is also noted

here that the corresponding stress fields can also be obtained through Eqs. (81), (84) and (85) . For example, in cases of fiber

composites subjected to lateral extension and/or flexure (see, Fig. 1 ), we impose the following boundary conditions from

Eqs. (80), (81) and (84) : 

˙ P 11 = 2 μu 1 , 1 −
·
p − 2 μu 2 , 2 + E 1 u 1 , 1 − C 1 u 1 , 111 : extension, 

·
m = 

·
m 1 e 1 + 

·
m 2 e 2 , 

·
m 1 = C 1 u 1 , 11 and 

·
m 2 = 0 : flexure, (90)

where u 1 , 1 = −φ, 21 , u 1 , 11 = −φ, 211 , u 1 , 111 = −φ, 2111 and similarly for u 2 (see, Eq. (84) ). In the analysis, the applied tensions

and moments are approximated via Fourier series as; 

˙ P 11 = 2 μu 1 , 1 −
·
p − 2 μu 2 , 2 + E 1 u 1 , 1 − C 1 u 1 , 111 = 50 � 

30 ∑ 

l=1 

200 

π l 
(−1) 

l−1 
2 cos ( 

π l 

2 d 
) y, (91)

and 

·
m = 

·
m 1 e 1 + 

·
m 2 e 2 , 

·
m 1 = C 1 u 1 , 11 = 80 � 

30 ∑ 

n =1 

20 

πn 

(−1) 
n −1 

2 cos ( 
πn 

2 d 
) y e m 

, 

·
m 2 = 0 , (92)

which ensure fast convergence (within 30 iterations). Despite the presence of sharp corners, where singular behaviors of

response functions are often observed (e.g. discontinuities and oscillations), the obtained solutions are smooth and stable

throughout the entire domain of interest ( Fig. 13 ), with reasonable sensitivity of the fibers’ resistance to both the extension

and the flexure. More precisely, Figs. 14 and 15 clearly indicate the inverse correlations between the magnitude of deforma-

tions and the fiber’s material parameters (i.e. E 1 , E 2 , C 1, and C 2 .). 
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Fig. 14. Deformation profiles with respect to E 1 /μ when P 11 /μ = 50 . . 

Fig. 15. Deformed configurations with respect to E 1 / μ. 

Fig. 16. Linear (Analytical) VS nonlinear (Numerical) solutions: extension P 11 / μ = 50. 

 

 

 

 

 

 

 

In particular, the linear (analytical) solution displays good agreement with the nonlinear solutions (FEA) and experiments

( Dong & Davies, 2015 ) for small deformations superposed on large (see, Figs. 11, 16 and 17 ), while it demonstrate discrep-

ancies in the predictions of large deformations (see, Figs. 16 and 17 ). Overall, the proposed models perform well in the

analysis of the mechanical behavior of fiber-reinforced composites and therefore they can be easily adopted in the relevant

subjects of studies, including experiments. In particular, the one from the linear theory is particularly useful, as it provides

an explicit form of solution rather than a discretized solution. 

7. Conclusion 

In this study, we present a continuum model for the mechanics of an elastic solid reinforced with bidirectional fibers

in finite plane elastostatics. The fibers are idealized as continuously distributed spatial rods of the Kirchhoff type, in which
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Fig. 17. Linear (Analytical) VS nonlinear (Numerical) solutions: flexure M/μ = 50 . 

 

 

 

 

 

 

 

 

 

 

their elastic resistant to stretch and flexure are incorporated into the models of deformations via the first and second gra-

dients of deformations, respectively. Using the variational principles and the virtual work statement, the Euler equation and

necessary boundary conditions are derived. These, in turn, leads to a highly nonlinear coupled PDE system from which a set

of numerical solutions describing mechanical responses of fiber composites are obtained. 

More importantly, we examine the plane bias extensions in the case of fiber-reinforced composites and demonstrate that

the proposed model successfully predicts the continuous distributions of shear strain fields through the second gradient

of deformations. Within the prescription of superposed incremental deformations, a compatible linear theory, including

boundary conditions, is developed and used to obtain complete analytical solutions. The results obtained from the linear

theory demonstrate close agreement with the both numerical predictions and experiments for the small deformation regime.

Lastly, we mention that the proposed model can be used as an alternative 2D Cosserat theory of non-linear elasticity. 
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Appendix A. Finite element analysis of the 4th order coupled PDE 

It is not trivial to demonstrate numerical analysis procedures for coupled PDE systems, especially for those with high

order terms, since the piece-wise linear function adopted in FE analysis has limited differentiability up to the second order.

For preprocessing, Eq. (51) can be recast as 

0 = 2 μ( Q + H ) − AS + BD − C 1 Q , 11 − C 2 H , 22 − E 1 
2 

Q − E 2 
2 

H 

+ 

E 1 
2 

(3 Q C 2 + Q D 

2 + 2 RCD ) + 

E 2 
2 

(3 HG 

2 + HS 2 + 2 T GS) , 

0 = 2 μ( R + T ) + AG − BC − C 1 R , 11 − C 2 T , 22 − E 1 
2 

R − E 2 
2 

T 

+ 

E 1 
2 

(3 RD 

2 + RC 2 + 2 QDC) + 

E 2 
2 

(3 T S 2 + χ2 , 22 G 

2 + 2 HSG ) , 

0 = Cχ2 , 2 − Dχ1 , 2 − 1 , 0 = Q − χ1 , 11 , 0 = R − χ2 , 11 , 0 = C − χ1 , 1 , 0 = D − χ2 , 1 , 0 = T − χ2 , 22 , 

0 = S − χ2 , 2 , 0 = G − χ1 , 2 , 0 = H − χ1 , 22 , 

0 = A − μ(χ1 , 11 + χ1 , 22 ) − CR , 11 , 0 = B − μ(χ2 , 11 + χ2 , 22 ) − CQ , 11 , (92) 

where A = p , 1 , B = p , 2 , Q = χ1 , 11 , R = χ2 , 11 , T = χ2 , 22 , H = χ1 , 22 , C = χ1 , 1 , D = χ2 , 1 , S = χ2 , 2 and G = χ1 , 2 . The above

non-linear terms can be treated as, for example, 

−Aχ2 , 2 + Bχ2 , 1 ⇒ −A 0 χ2 , 2 + B 0 χ2 , 1 , 

Aχ1 , 2 − Bχ1 , 1 �⇒ A 0 χ1 , 2 − B 0 χ1 , 1 , 

Cχ2 , 2 − Dχ2 , 1 �⇒ C 0 χ2 , 2 − D 0 χ2 , 1 , 

3 Q CC + Q DD + 2 RCD �⇒ 3 Q C 2 0 + Q D 

2 
0 + 2 RC 0 D 0 , 

3 RDD + RCC + 2 QDC �⇒ 3 RD 

2 
0 + RC 2 0 + 2 QD 0 C 0 , 

3 HGG + HSS + 2 T GS �⇒ 3 H G 

2 
0 + H S 2 0 + 2 T G 0 S 0 , 

3 T SS + T GG + 2 HSG �⇒ 3 T S 2 0 + T G 

2 
0 + 2 HS 0 G 0 , (93) 

where the values of A , B, C, D , Q , R , T , H , S and G continue to be refreshed based on their previous estimations (i.e. A o , B o , C 0 ,

D 0 , Q 0 , R 0 , T 0 , H 0 , S 0 and G 0 ) as iteration progresses. Thus, the weak form of Eq. (92) is obtained by 

0 = 

∫ 



w 1 (2 μ( Q + H ) − A 0 S + B 0 D − C 1 Q , 11 − C 2 H , 22 − E 1 
2 

Q − E 2 
2 

H 

+ 

E 1 
2 

(3 Q C 2 0 + Q D 

2 
0 + 2 RC 0 D 0 ) + 

E 2 
2 

(3 H G 

2 
0 + H S 2 0 + 2 T G 0 S 0 )) d
, 

0 = 

∫ 



w 2 (2 μ( R + T ) + A 0 G − B 0 C − C 1 R , 11 − C 2 T , 22 − E 1 
2 

R − E 2 
2 

T 

+ 

E 1 
2 

(3 RD 

2 
0 + RC 2 0 + 2 QD 0 C 0 ) + 

E 2 
2 

(3 T S 2 0 + T G 

2 
0 + 2 HS 0 G 0 )) d
, 

0 = 

∫ 



w 3 (Cχ2 , 2 − Dχ1 , 2 − 1) d
, 0 = 

∫ 



w 4 (Q − χ1 , 11 ) d
, 0 = 

∫ 



w 5 (R − χ2 , 11 ) d
, 0 = 

∫ 



w 6 (C − χ1 , 1 ) d
, 

0 = 

∫ 



w 7 (D − χ2 , 1 ) d
, 0 = 

∫ 



w 8 (T − χ2 , 22 ) d
, 0 = 

∫ 



w 9 (S − χ2 , 2 ) d
, 0 = 

∫ 



w 10 (G − χ1 , 2 ) d
, 

0 = 

∫ 



w 11 (H − χ1 , 22 ) d
, 0 = 

∫ 



w 12 (A − μ(χ1 , 11 + χ1 , 22 ) − CR , 11 ) d
, 

0 = 

∫ 



w 13 (B − μ(χ2 , 11 + χ2 , 22 ) − CQ , 11 ) d
, (94) 

where the unknowns (e. g. χ1 , χ2 , Q 1 , R 1 , A, B etc...) can be written in the form of Lagrangian polynomial such that (∗) =∑ n 
j=1 [(∗) j � j (x, y )] . The corresponding test function w is given by 

w = 

n ∑ 

i =1 

w i �i (x, y ) , (95) 

where w i is the weight of the test function and � i ( x, y ) are the shape functions such that, ⎡ ⎢ ⎣ 

ψ 1 ψ 5 ψ 9 ψ 13 

ψ 2 ψ 6 ψ 10 ψ 14 

ψ 3 ψ 7 ψ 11 ψ 15 

ψ 4 ψ 8 ψ 12 ψ 16 

⎤ ⎥ ⎦ 

= 

⎡ ⎢ ⎣ 

f 1 
f 2 
f 3 
f 4 

⎤ ⎥ ⎦ 

[ g 1 g 2 g 3 g 4 ] , (96) 
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Fig. 18. Schematic of 16 nodes rectangular element. 

 

 

 

 

 

 

 

 

 

where 

f 1 (x ) = 

(
x − c 

3 

)(
x − 2 c 

3 

)
(x − c) (

− c 
3 

)(
− 2 c 

3 

)
(−c) 

, f 2 (x ) = 

x 
(
x − 2 c 

3 

)
(x − c) (

c 
3 

)(
− c 

3 

)
( − 2 c 

3 
) 

, 

f 3 (x ) = 

x 
(
x − c 

3 

)
(x − c) (

2 c 
3 

)(
c 
3 

)
(− c 

3 
) 

, f 4 (x ) = 

x 
(
x − c 

3 

)
(x − 2 c 

3 
) (

c 
3 

)(
2 c 
3 

)
(c) 

g 1 (y ) = 

(
y − d 

3 

)(
y − 2 d 

3 

)
(y − d) (

− d 
3 

)(
− 2 d 

3 

)
(−d) 

, g 2 (y ) = 

y 
(
y − 2 d 

3 

)
(y − d) (

d 
3 

)(
− d 

3 

)
( − 2 d 

3 
) 

, 

g 3 (y ) = 

y 
(
y − d 

3 

)
(y − d) (

2 d 
3 

)(
d 
3 

)
(− d 

3 
) 

, g 4 (y ) = 

y 
(
y − d 

3 

)
(y − 2 d 

3 
) (

d 
3 

)(
2 d 
3 

)
(d) 

. 

The assignment of each shape function is illustrated in Fig. 18 . 

Using Lagrangian polynomial representation, the first of Eq. (94) can be rewritten as 

0 = 

n ∑ 

i, j=1 

[ 

∫ 


(2 μ�i � j + C 1 �i, 1 � j, 1 −

E 1 
2 

�i � j ) d
] Q j + 

n ∑ 

i, j=1 

[ 

∫ 


(2 μ�i � j + C 2 �i, 2 � j, 2 −

E 2 
2 

�i � j ) d
] H j 

+ 

n ∑ 

i, j=1 

[ 

∫ 



A 0 �i � j d
] S j −
n ∑ 

i, j=1 

[ 

∫ 



B 0 �i � j d
] D j + 

n ∑ 

i, j=1 

[ 
E 1 
2 

∫ 



3�i � j C 
2 
0 } d
] Q j + 

n ∑ 

i, j=1 

[ 
E 1 
2 

∫ 



�i � j D 

2 
0 d
] Q j 

+ 

n ∑ 

i, j=1 

[ 
E 1 
2 

∫ 



2�i � j C 0 D 0 d 
] R j + 

n ∑ 

i, j=1 

[ 
E 2 
2 

∫ 



3�i � j S 
2 
0 d 
] H j + 

n ∑ 

i, j=1 

[ 
E 2 
2 

∫ 



�i � j G 

2 
0 d 
] H j 

+ 

n ∑ 

i, j=1 

[ 
E 2 
2 

∫ 



2�i � j G 0 S 0 d
] T j −
∫ 
∂�

(C 1 �i Q , 1 + C 2 �i H , 2 ) Nd�, (97)

and similarly for the rest of equations. In the above, 
, ∂� and N are respectively, the domain of interest, the associated

boundary, and the rightward unit normal to the boundary ∂� in the sense of the Green–Stoke’s theorem. Finally, we obtain

the systems of equations [ K ][ E ] = [ F ] , where [ K ] and [ F ] are [13 × 12] and [12 × 1] matrices and [ E ] is [13 × 1] matrix with

unknowns (e. g. χ1 , χ2 , Q 1 , R 1 , A, B etc...), respectively. The expressions of [ K 

ij ] and [ F i ] can be obtained via the standard

Finite Element Analysis procedures. For example, [
K 

11 
]

= 

∫ 



[2 μ�i � j + C 1 �i, 1 � j, 1 −
E 1 
2 

�i � j + 

E 1 
2 

(3�i � j C 
2 
0 + �i � j D 

2 
0 )] d
, 

and 

F 1 = −
∫ 
∂�

(C 1 �i Q , 1 + C 2 �i H , 2 ) Nd�. 

Supplementary material 

Supplementary material associated with this article can be found, in the online version, at 10.1016/j.ijengsci.2018.06.002 
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